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Abstract
A class of quantum field theories which can be realized as the world-volume theory of D3-
branes and 7-branes in the IIB superstring theory are investigated. The spectrum of the
effective field theory on the branes consists of states which are realized as strings stretched
between them. The complete description of theories with 7-branes also involve multipronged
strings or string junctions - these are genuine non-perturbative objects. The string junctions
generate a Lie algebra which serves both as a gauge symmetry in the 8-dimensional field
theory and as a global symmetry of a D3 probe-theory in the vicinity of the 7-branes.
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Chapter 1
Introduction
String theory for a long time has been considered as a candidate for a quantum theory
unifying the presently known interactions, including gravity. The recent advances in non-
perturbative string theory shed light on many previously unfamiliar phenomena and yield
powerful tools for investigating other aspects of string theory and quantum field theory.
In the open string theory model for gauge interactions the vector bosons are distinguished
by labels attached to the endpoints of the strings (Chan-Paton charges, or "quarks" in the
original works) and the interaction is defined by requiring charge conservation at the points
where the strings meet. Allowing n different labels one can show by simple counting that
the different states correspond to vector bosons of U(n) and this gauge group is confirmed
by the detailed computation of the scattering amplitudes.
Recently those models have become of interest where the endpoints of the strings are confined
to some p + 1-dimensional hypersurfaces, called D-branes. The effective field theory is a
p + 1 dimensional gauge theory and one may identify the Chan-Paton factors with "which
branes does the string end on". The lowest lying massive (supersymmetric or BPS) states are
represented by the straight strings whose mass is proportional to the (square of) the distance
between the D-branes and these massive vector-like excitations of the string play the role of
the "W-bosons" in the spontaneously broken gauge theory. The strings starting and ending
on the same brane are massless, these are the "photons". When some or all of the D-branes
coincide, the W-bosons become massless and as a result, one observes the enhancement of
the gauge symmetry. The reason we can trust these (semi-)classical considerations is that
unbroken supersymmetry protects many physical properties (like the mass) of states in short
multiplets from receiving quantum corrections.
The innocent-looking problem of counting the possible straight strings between the D-branes
can become complicated when the background metric is not flat. Since 7-branes will play the
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major role in this thesis, let us see an example involving these. For a nontrivial background
consider a cosmic string-like singularity in spacetime, which curves the metric in the xs - X
directions into that of a cone. When the deficit angle is equal to 7F, this is an orbifold
spacetime. One can see that there are more straight lines than pairs of 7-branes, which
indeed results in a field theory whose gauge group is bigger than U(n). In this particular
example the counting shows that the spontaneously broken symmetry is SO(2n), which is
restored if the 7-branes coincide on the top of the cone. It is interesting that changing the
bulk metric around the D-branes changes the spectrum and interactions of the field theory
so drastically.
The richness of the phenomena discussed so far jumps drastically when one considers IIB
string theory. The reason is that this model has the property that besides the "fundamental"
string (which we shall call (1,0)-strings) there is another one, the D-string ((0,1)-strings),
moreover bound states may be formed from p and q of them ((p,q)-strings). Similarly there
is a large zoo of 7-branes which are also labeled by two integers ([p,q]-branes) which serve
as endpoints for the (p,q)-strings. The extra bonus is that being dynamical objects, the
7-branes themselves create the complicated metric around themselves much like the conical
singularity above.
As a matter of fact the 7-branes also serve as the source of the complexified coupling of the
string theory, T in the following way. One assigns an SL(2, Z) matrix to a [p, q] 7-brane:
MP~q 1 -pq -p 2M,,q - (1.1)
-q 2 1 + pq
and declares that on account of encircling the brane in a counterclockwise direction T is
transformed by this SL(2, Z) matrix:
T (1 - pq)T + (p2) (1.2)
(-q 2 )T + (1 + pq)
To make T single valued one might introduce branch cuts on the Xszx-plane. These are non-
physical and still represent a singularity in T which has to be compensated by some other
discontinuity and this is achieved by declaring that any (r, s)-string crossing the cut should
transform into a (r', s')-string where
( ) -+ ,-( G) (1.3)
The final ingredients in the recipe of exotic gauge groups from open strings are the string
junctions. These are objects with three endpoints and can be imagined as an open string
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ending on another open string. One expects the presence of these objects since the D-string
is really a D-brane on which the fundamental string may end. With some fantasy one can
imagine more complicated junctions with more prongs too, these are sometimes called string
networks.
Open-string - junction transitions. As the straight open strings are responsible for the
gauge particles of the effective field theory on the D-branes, one faces the following paradox.
Given a "W-boson" represented by a geodesic string, it seems that it may disappear from the
spectrum as we change the position of the 7-branes, because the geodesic may not exist for
certain configurations. What happens is that although the open string geodesic may cease
to exist, it gets substituted by some geodesic string junction. It can be shown that one and
only one of the many possible representatives of a particular W-boson is geodesic at a given
point in the configuration space, which assures that the effective field theory is consistent.
Lie-algebras on 7-branes With the help of the above machinery one can study how the
exotic Lie algebras are realized via open strings on 7-branes. We already know that if
we take n 7-branes of the same kind then the algebra is U(n), the open strings which
represent the simple roots are n - 1 straight strings connecting the 7-branes. By adding
7-branes which create a conical singularity of defect angle wF we can enhance this to SO(2n).
More complicated setups can lead to exceptional algebras. When the 7-branes coalesce, the
corresponding 8-dimensional theory possesses these Lie algebras as a gauge symmetry. One
can go further and even more interesting configurations may be constructed, which however
are in general not collapsible. Still one can study the always broken symmetries and they
have interesting applications in the D3-probe theories and thus are worth classifying. It
turns out that these algebras are not necessarily finite but rather contain affine, and even
indefinite Kac-Moody as well as non-Kac-Moody algebras.
3-brane probe theories An interesting application of the tools developed above is to
consider instead of the effective field theory on the 7-branes, the one realized on a D3-brane
"probe" in the vicinity of the 7-branes. In this case the particles of the D3-theory will
be junctions which departs as a (p, q)-string from the 3-brane and ends on (some of) the
7-branes. The dynamics of the 3-brane is governed by K = 2 supersymmetric Yang-Mills
theory whose nonperturbative properties can be demonstrated in these framework. The
charges p and q play the role of electric and magnetic charges of the field theory (any (p,q)
string may end on a D3-brane). One can introduce a certain integer quantity, the self-
intersection number of the junctions which serve as a governing principle for choosing which
are the BPS states, as they must satisfy:
(J, J) - gcd(p, q) > -2, (1.4)
and indeed, the spectrum of the Seiberg-Witten theories consists of exactly the states that
satisfy the above equation. In these probe theories the algebra which was the gauge symmetry
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of the 7+1 dimensional theory becomes a global symmetry of the 3+1 dimensional model.
With the amazing variability of 7-brane configuration it seems that quite nontrivial simply
laced lie algebras can be engineered on the 7-branes. Although the spontaneously broken
7+1 dimensional gauge theories might not look to attractive, the probe theory on the D3-
brane of an exotic configuration is a 3+1 dimensional QFT with a spectrum furnishing
representations of the exotic algebra and this certainly deserves attention.
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Chapter 2
Classification of 7-brane backgrounds
The main object of our discussion is type JIB string theory compactified on a two-sphere in
the presence of twenty-four parallel 7-branes which extend along the eight uncompactified
directions. In this section we shall explain our various conventions for the monodromies
of the 7-branes (not all of which may be mutually local) on the compactifying sphere. In
particular, we shall explain how to introduce branch cuts on the two-sphere, and how the
description changes as branch cuts are moved across branes.
2.1 Seven-branes, monodromies and (p, q)-strings
Let us denote by T = a + ie- the complex combination of the dilaton field q$ and the
axion field a in type IIB. In the presence of 7-branes, T is not a single-valued function on
the sphere, and the way in which it fails to be single-valued characterizes the 7-branes that
are located on the sphere. In order to describe this in some detail, let us denote by zi
(i = 1. .. ,24) the locations of the 7-branes on the sphere, and let So be the punctured
sphere where all twenty-four points zi have been removed. We pick a reference point zo -A z.
on the (punctured) sphere, and we introduce a basis of generators 'yi for the homotopy group
71r(So) of So relative to zo. (Here 'y(t) is a path on So that starts at -yi(O) = zo, encircles zi
anti-clockwise, and ends again at -yi(i) = zO.)
For the configuration we have in mind, the monodromy of T can be described by a collection
of matrices Mi E SL(2, Z), where
T(yi(1)) = MiT(yi(0)) , (2.1)
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and M E SL(2, Z) acts on T in the usual way
MT =- aTr + -b
CT+ d
a b
where M =.
- c d)
As T is single-valued in every simply-connected subset of So, it follows from (2.1) that the
Mi define a group homomorphism M : 7T1 (So) -+ SL(2, Z).
In order to represent a fundamental 7-brane (rather than a bound state of different 7-branes),
Mi must be of the form
Mp,, = gp,q T- =
where
1
1 J and
1 -pq
-q 2
p,q =
Pi2
, q
r
,
s/
ps - qr = 1.
(2.3)
(2.4)
In particular, the different monodromy matrices are thus SL(2, Z) conjugates of T, the
monodromy matrix of the [1, 0] D7-brane [1]. With respect to the chosen generators of the
homotopy group of So, we say that the 7-brane at zi is of type [p, q] if Mi = M,q. This
defines the [p, q] label of a given 7-brane up to an overall sign, as Mp,-q = M,q. We should
stress that this identification depends on the choice of zo and 'yi.
The system possesses a global SL(2, Z) symmetry: for g c SL(2, Z), we can replace
T H gT , and then M - gMig- 1 , (2.5)
since gT(-Yi(1)) = gMiT(Y7(0)) = (gMig-1 ) gT(-Y(0)).
Given the multi-valued function T on So, we can define a metric on So by [2]
ds2 = 72 i1(r) 2 ( ) 2 H(z - zi)1/ 12 (2 - .2)-1/12 dzd., (2.6)
where T2 = Im(T), and
r 2(T) = q1/ 1 2 11(1 - q ) 2
n=1
q = exp(27riT) ,
12
(2.2)
(2.7)
T =- (
is the square of the Dedekind eta-function which satisfies
712 (_-1T) = -iT72 (T)2, i2(T + 1) = elr/6 12 (T) . (2.8)
It is straightforward to show that this metric is invariant under the global SL(2, Z) action
on T, and this implies that the metric is single-valued on So.
Type IIB theory possesses different strings which are labeled by (P), where p and q are
coprime integers (a more detailed introduction is presented in the next chapter). The masses
of the states associated to (P) strings must also take into account the string tension Tp,q of
the (P) string [3],
1
T,,= |p - qT|. (2.9)
It is then natural to introduce the length element dsp,q = Tp,qds which measures correctly
the mass of the corresponding string, and the corresponding effective metric ds2,q
dsp,q = lhp,q(z) dzl , with hp,q(z) = (p - qT) 172 (T) -J(z - zi) 1 /12 . (2.10)
For every fixed label (P), ds ,4 describes a continuous metric on a certain covering space Sp,q
of So. If we define the action of SL(2, Z) on (P) by
p = ( , where g= E SL(2, Z), (2.11)
q) q' (c d) q) (c d)
then for T' gT, we have Tpq(T) = T,,q(T'). This implies that up to a global transformation
of T by an element in SL(2, Z), the spaces S,q and S,,q are the same.
2.2 Introducing branch cuts
Different strings can end on different 7-branes, but there is no T-independent description
of which string can end on which 7-brane. In order to discuss this issue it is therefore
necessary to introduce branch cuts on So and to choose a fixed branch To of T on the space
SC = So - {branch cuts}. (The branch cuts are chosen so that S, is simply connected.)
There is a large amount of freedom how to choose the branch cuts (and we shall later
take some advantage of this fact) but there is a particularly simple choice: for each zi we
introduce a branch cut Ci from zi to zo so that the path -yj does not cross Ci (and that it
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only touches the branch cut Ci at the common end point zo). 1 It then follows that as T
crosses Ci anti-clockwise, T jumps to KjT where
Ki = Mi-. (2.12)
We should stress that this relation only holds for this particular choice of cuts, and that for
a different choice of cuts, (2.12) has to be replaced by Ki = DiMi-iD1 , where Di is some
matrix in SL(2, Z); this will be explained in more detail in the next subsection. For this
choice of cuts we can then say that a 7-brane is of type [p, q] if Ki = M-.
Given (P) and TO on Sc, we can define a metric on S, by formula (2.10). This metric is
not continuous across the branch cut, and in order for it to become continuous, we have
to choose the convention that the labels of the string (P) change to K2 (P) as we cross the
branch cut anti-clockwise; the metric is then continuous because of (2.11). As (P) is locally
constant, it follows that the Ki induce a group homomorphism K : rin(So) -+ SL(2, Z); this
can be easily understood from Fig. 2-1. In this example the monodromy corresponding to
the curve y1 o 72 -y3 is M 1M 2M 3 = 1 (see figure); on the other hand, following the curve -Y,
one crosses first the cut C1, then C2 and finally C3 which corresponds to
K 3K 2K1 = M/M2 M = (M1M2M3)- = 1. (2.13)
We can thus summarize our convention as (see Fig. 2-2)
Upon anticlockwise crossing of the branch cut of a 7-brane with matrix K, T
transforms to T -- KT and (P) transforms to (P) -- K(P).
We shall now say that a (P) string can end on a brane described by K if and only if
K = M,-. If K is defined with respect to the specific choice of cuts described above, then
this rule amounts to saying that a (P)-string can only end on a [p, q] brane.
In this paper we shall mainly deal with three types of branes A, B and C, whose corre-
sponding [p, q] labels (with respect to some choice of zo and 7j) are [1, 0], [1, -1] and [1, 1]
respectively. Across the corresponding cuts C, the labels (P) and T then change according
to
A= [1, 0] : KA= M-= T-= ,1,0 (0 1
'The different choices for zo and y1, and the different possible branch cuts Ci are in one-to-one correspon-
dence: every choice of zo and yj determines a family of cuts Ci by the above description, and conversely,
every such family of cuts determines zo (the common endpoint of the C) and 'yj up to homotopy.
14
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C I C2 Y3
' C3
z0
Figure 2-1: The branes can be characterized by either the monodromies or the discontinuity
at their branch cuts. The matrices M and K both induce a group homomorphism 7r, (So) -+
SL(2, Z).
K() (P)
Figure 2-2: As the branch cut is crossed anticlockwise both T and (P) are transformed by K.
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0 -1
B [1, -1]: KB= MTI = ST 2 = , (2.14)
(1 2
2 -- 1
C = [1, 1] : Kc = M 2S
W 1 0
where S is the matrix
0 -1
S=.
(1 0
We shall adopt the convention that for a given arrangement of the branes and their cuts, we
shall write the corresponding matrices Ki in the order (from right to left) in which we would
cross the branch cuts as we encircle the relevant branes in a large anticlockwise circle, and
we shall use the same convention also for the labels A, B and C. For example, the list of
branes
X 1 X 2 ... Xn (2.15)
represents a situation where the branes lie above the real axis, and all the branch cuts go
downwards along the negative imaginary axis after crossing the real axis at points xxl <
XX 2 < ... < xx- 2 The corresponding K-matrices then read Kx, - Kx2Kxl.
2.3 Moving branch cuts across branes
Let us now explain how the K-matrices of the branes change as we change the location of
the cuts. First of all, it is clear that the Ki are locally independent of the choice of the cuts,
and that the matrix Ki associated to the i-brane only changes as the cut of another 7-brane
is moved through the position zi of this 7-brane.
For definiteness, let us consider the case where we move the cut C of the j-brane anticlock-
wise through the position zi of an i-brane. This operation can be implemented by performing
a physically immaterial local SL(2, Z) transformation where we let T -+ K- Tr in the region
enclosed by Ci and C. (Indeed, this transformation makes T continuous across Cj and
creates a new discontinuity across C .)
Let us consider the situation where the cut C that emerges from zi is inside the region that is
defined by C and C . Before we moved the cut, T transformed to Kir as we crossed Ci anti-
clockwise, and after we have moved Cj to C , we get K.-r -+KlKir = Kf'lKiK(Kfr 1 ),
16
2In this configuration, zo = -o0.
implying that Ki -+ Kj= Kf1 KiKj as a
through the i-brane; this is illustrated in
defined by the old and new cuts.
j 1-- -- 
C,
consequence of the (anticlockwise) motion of Cj
Fig. 2-3. The shaded region denotes the region
Ci
it
4
Cl
40
1
1'l
Ij
Figure 2-3: The local SL(2, Z)-transformation induced by K71 in the shaded area relocates
the cut of the j-brane and changes the i-brane to an i'-brane. In the standard presentation
the right picture reads i'j as Cj is to the right of Ci and thus we have ji -+ i'j.
The whole effect can be described as
j i -+ i'j, with K = KfKiKj. (2.16)
This transformation respects, as expected, the product of the K-matrices that is associated
with the transformation of T along a large circle surrounding the pair of branes
Ki K = Kj (K1 KzK,) = K7K?. (2.17)
As an illustration of this, let us consider the configuration AAB depicted in Fig. 2-43, and
move successively the cuts of the A branes across the B brane. In this process we get
KB -+ K, 2KBKA = Kc, as is readily verified using (2.14). We can therefore write
AAB -+ CAA. (2.18)
Similarly we have
BCA - BA'C -+ ABC , (2.19)
where KA, = Kc5KAKC as follows from moving the cut of C anti-clockwise across A. The
3In the figures we denote the A-branes by filled circles, the B-branes by empty circles and the C-branes
by empty squares
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-- - -- - -------------
-- 
-
-
-
-
-
-
A' A, B AI At C
0 0
Figure 2-4: The effect of a local SL(2, Z) -transformation induced by Kfl in the light and by
K in the dark shaded area results in the relocation of both A-cuts and the change of the
B-brane into a C-brane: AAB-+ CAA.
final step arises by moving the cut of B anti-clockwise across A' on account of K 'KA,KB -
KA. We thus learn that the A brane "commutes" with the BC sequence.
In general, given a base-point zo and contours -yi, we can first choose the cuts Ci as described
in the previous subsection so that Ki = M;-1. We can then obtain any other choice of cuts
by successively moving the cuts through the singularities. It is then clear that the matrices
Ki that are associated to a general family of cuts are of the form Ki = DiM;-'Di-1 where
Di E SL(2, Z).
It is now also clear that the prescription that a (P) string can end on a brane with K=M-
is independent of the choice of the cuts. As we move the cut corresponding to Kj clockwise
through the brane, K becomes K' = KjKK-.' = M-,, where (P,') = Kj(P). On the other
7 I q q
hand, (P) becomes (P,' ), and it follows that the prescription is invariant as we change the
cuts.
A 7-brane is labeled by two relatively prime integers (p, q) up to a sign; a [p, q] 7-brane is
the same object as a [-p, -q] 7-brane. It is convenient to unify the two charges in a vector
Z = (P), in terms of which K. is given as
1+q -p
0 -1
where S . Under the operation of global SL(2, Z) conjugation with an element
g one finds
g Kz g- = Kz. (2.21)
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Following the conventions stated above, the total monodromy around the brane configuration
X. . . X,_1 X, , is given by
K = K.Kz, ... Kz1. (2.22)
The effect of the relocation of the branch cuts of two 7-branes (2.16) can then be written as:
XZI XZ2 = Xz 2 X (zI + (zi x z2) z2 )
- X (z 2 + (zi x z 2 ) zi ) Xz, (2.23)
where we have defined
TS (TSP1 P2
z 1 x z 2 = -zS z 2 = zSz1 = det . (2.24)
q1  q2
Equation (2.23) indicates the fixed brane acquires an extra charge equal to the charge of the
moving brane times the determinant of the relative charges.
For a given brane configuration the trace of the associated overall monodromy is an SL(2, Z)
invariant. Given the configuration X1X2 ... X, with monodromy K = K, - -K 2K1 the trace
of K is calculated using (2.20). One finds:
TrK = 2 + 1: (z 1 x zi 2 )(z 2 x zi 3 ) ... (zik x zi). (2.25)
k=2 i1<i2--..<ik
2.4 Equivalence classes of brane configurations
The classification of the configurations of 7-branes (and the algebras that arise on them)
has to take into account equivalence transformations between different configurations. We
define:
Two 7-brane configurations will be said to be equivalent (indicated as e) if they have the
same number of branes and their canonical presentations can be matched brane by brane
using the operations of overall SL(2, Z) conjugation and relocation of branch cuts.
Global SL(2, Z) conjugation changes some brane labels and may or may not change the
overall monodromy. Due to the SL(2, Z) symmetry of type IIB string theory, it does not
change the physics and is therefore an equivalence transformation when applied to a complete
configuration. Moving branch cuts, as reviewed in the previous subsection, does not change
the overall monodromy, only the labels of the individual 7-branes. Two brane configurations
related only by relocation of branch cuts will be said to be equal.
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Two brane configurations can only be equivalent if their monodromies are conjugate in
SL(2, Z). If they are, it implies that the traces of their monodromies are the same, though
this alone is not sufficient to show equivalence since there are inequivalent conjugacy classes
in SL(2, Z) with the same trace. We find that when two configurations have conjugate
monodromies and the same number of branes, they are actually equivalent if the possible
asymptotic charges of the junctions also match, as we shall discuss further in the next section
when junctions are introduced. Although we have no proof for this, it seems to be borne out
by the examples we have studied.
In the remainder of this section, we will work through an example of brane configurations that
are equivalent, and we prove this completely by mapping the brane configurations into each
other explicitly. Following this we present two different series realizing the EN algebras, and
prove the equivalence of all pairs in the two series except for one pair, having to do with E1 .
This exception illustrates the relevance of possible asymptotic charges, as will be discussed
further in the next section.
Equivalence of two realizations of so(10). Consider the conventional D 5 = A 5BC
configuration of branes known to give the D5 = so(10) algebra. (We will discuss in detail
later how these algebras can be identified from the 7-brane content.) On the other hand the
E 5 algebra of the exceptional series is isomorphic to D5 . Since E6 , E 7 and E 8 are realized on
E6 = A 5BCC, E7 = A 6BCC, and E8 = A 7 BCC, it is natural to ask whether the brane
configuration E5 = A 4BCC gives an equivalent construction of so(10). The answer is yes.
To show this we first confirm that the two monodromies are SL(2, Z) conjugate
-2 1 -1 1
K(E5 ) = -K[1,1 ( ) - ( ) -K[1,o] = K(D,5 ). (2.26)
The SL(2, Z) transformation can be taken to be the transformation that acting on the [1, 0]
brane gives the [1, 1] brane
K[1,1( = g K[1,o) g1 g, (2.27)
for example. This transformation turns A 5BC into C 5AX[1, 2]. This configuration must now
be shown to be identical to A 4BCC by moving cuts. By repeated use of eqn. (2.23) we find
the claimed equivalence:
C5 A X[1, 2] = A (X[O,1]) 5 X[1, 2] = A (X[o,1]) 4 (X[o,1]X[1, 2]) = A (X[oi]) 4 C X[o,1]
= A (X[o,1]) 2 C A 2 X[o, 11 = A (X[o,1]) 2 A 2 B X[o,1]
= A ((X[o,1]) 2 A) A (B X[O,1]) = A 2 B2A 2 B (2.28)
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= A 4 (X[3,-i]) 2 B= A 4BCC.
Equivalence and inequivalence in the EN-series. We now examine two series of algebras
which realize the EN algebras, EN= A N-'BCC and EN= ANX 2,-1]C.
Note that the second series gives a definition for EO as X[2 ,- 1 ]C while the first series does
not. The two series are equivalent for N > 2. To prove this it is enough to concentrate on
the four rightmost branes:
K-1
ABCC = BX[o,l]CC = BAAX[o,l] = AAX[3,-l]X[o,1] AAX[ 2 ,-1 C, (2.29)
where the last step involves conjugation with KA, which does not affect the rest of the
spectator A-branes. The steps in (2.29), however, cannot be applied to the case of fewer
then four branes. This means that E1 = BCC and E1 = AX[2,-i]C need not be equivalent.
In fact, they are not. We shall see in the next section that they cannot be equivalent as the
possible asymptotic charges of supported junctions differs.
For now, we can see this by considering the configuration BCC = X, 1 Xz 2 X, and follow
the change of the pairwise determinants, zi x z3 in the equivalence transformations. In view
of (2.23) it is obvious that if initially these are all even then they remain even after any
number of transformations. Since zi x zj are even for BCC but not for AX[2,- 1]C, the two
configurations can not be equivalent.
2.5 Classification of configurations of two 7-branes
The complete enumeration of inequivalent configurations of two 7-branes is a difficult prob-
lem. It is possible, however, to organize the classification, to examine the first few nontrivial
cases and to make some general statements. Consider a configuration of two 7-branes with
charges ([p, q], [r, s]) and define k = ps - qs. The number k can be chosen to be positive by
changing the overall sign of the labels of one of the 7-branes. Two configurations with k,
and k2 respectively are inequivalent if k, # k2 , but equality does not guarantee equivalence.
By a global SL(2, Z) transformation we can convert a configuration of two 7-branes with
invariant k into the configuration AX[i,k], where i is such that 0 < i < k and gcd(i, k)=1.
Thus the problem of classification of configurations with two 7-branes reduces to the problem
of determining when two configurations of the type AX[i,k] and AX[j,k] are equivalent. Since
gcd(i, k)=1 there exist integers (s, r) such that 1 = is - kr. Using these integers we can
construct a matrix
9= k . (2.30)
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We then find
K*g A
AX[i,' k] X[_s,k]A = AX[_s-k,k] AX[s*,k] , (2.31)
where in the last step we have conjugated with some power of KA such that
0 < s* < k , with s* = -s(mod k) . (2.32)
This result helps the classification as follows. For a given k the above relation will provide
equivalences between AX[i,k] configurations with different allowed values of i. Configurations
that cannot be made equivalent in this way, may or may not be equivalent.
For the case of two 7-branes with invariant k the value of Tr K is readily computed. Using
(2.25) one finds
Tr K = 2 - k2 = {2,1, -2, -7, -14, -23, } ... (2.33)
where we also listed the first few possible values. The value Tr K = +2 corresponds to k = 0
and can only be attained if the two 7-branes are mutually local. The brane configuration is
then always equivalent to an AA configuration and the resulting gauge algebra is A1 . Since
affine algebras can only arise for Tr K = +2 (see [4, 5]) this implies that affine algebras
cannot arise with just two 7-branes.
The case k = 1 gives Tr K = 1 and can be achieved with AX[il]. Here the two possible
cases i = 0 and i = 1 are manifestly equivalent by suitable KA conjugation. We can choose
a representative Ho = X[o,_1 ]C, the first element of a series to be discussed in section 4.
Indeed, this configuration has k = 1 or even more directly X[o,- 1 ]C = AX[o,_ 1] = AX[o,l].
It is the unique configuration of two branes that give Tr K = 1.
The case k = 2 giving Tr K = -2 is realized uniquely by AX[ 1 ,2 ] since i = 0, 2 are not
allowed. We can represent this case by the Do = BC system, also of k = 2. Indeed, global
action of g = (10) on BC gives us AX[1 ,2].The configuration Do gives rise to the familiar
SU(2) Seiberg-Witten theory with Nf = 0 on the world volume of a D3-brane probe.
The case k = 3 giving Tr K = -7 can be realized as AX[1, 3] and as AX[2 ,3]. It is simple to
verify using (2.31,2.32) that these two are actually equivalent. We can therefore choose to
represent this case by EO= X[2 ,-1 ]C, a configuration with k = 3.
The case with k = 4 giving Tr K = -14 allows for AX[1, 4 and as AX[3,4 ] and these are
readily verified to be equivalent. This case can be represented by S3,o X[3,- 1 ]C, and
represents the first of the new series to be considered in sec. 5.6.
The case with k = 5 gives Tr K = -23 is the first with two inequivalent configurations. The
brane configurations are AX[1,5 ] 2 AX[4,5 ] and AX[2 ,5 ] a AX3,5 ]. Inequivalence is proved
explicitly by a calculation showing that the monodromies are not conjugate in SL(2, Z). The
first element S4 ,0 X[4, 1 ]C of the second new series in sec. 5.6 actually is equivalent of
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2.6 Formal definition of equivalence
Although the formalism presented so far is completely suitable for examining concrete brane
configurations, in some cases (for example when studying the duality groups) the use of
a more mathematical description has advantages. For this reason we summarize in this
subsection the precise definitions and properties of 7-brane configurations.
Definition: 7-brane configuration or simply configuration is defined to be a word of SL(2, Z)
matrices conjugate to T-1 . The set of all configurations consisting of n 7-branes we denote
as Cn:
n
Cn w = [A1][A 2] ... [An] = J [A], Ai =9T g- 1, g E SL(2,Z),
i=1
n
K(w) JA E SL(2, Z). (2.34)
K(w) is the overall monodromy associated to the configuration w. The purpose of the square
bracket is to distinguish words of matrices from products of them, i.e. [A 1A2] e C1 denotes
a one-letter word of the matrix A = A 1A 2 while [A 1][A 2] E C2 is a two letter word made of
these two.
Definition: SL(2, Z) action on Cn:
SL(2, Z) : Cn -+ Cn; [A1][A 2] ... [An] - [gAig 1 ][gA 2g- 1] ... [gAng- 1 ]. (2.35)
Definition: Transposition of the mth and m + ith letter of a word is performed by the
following rule:
Pm : Cn -+ Cn; [A 1 ] ... [Am][Am+1] ... [An] H [A1 ] ... [Am+1][A-1+AAm+1] ... [An].
P-j : Cn + Cn; [A 1 ] ... [Am] [Am+1 . .. [An] H [A1 ] ... [AmAm+iAM1 ][Am] ... [An].
Notice that AmAm+A-1 is conjugate to T 1 if Am+1 is, therefore the result is indeed in Cn.
Also note that P2 / Pm in general.
Definition: The Group of crossing transformations Bn (corresponding to branch cut moves)
is defined by its action on Cn and is generated by all transpositions {Pm} II
Property 1: The SL(2, Z) transformations as defined in (2.35) commute with the transpo-
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sitions:
A1 A2  A A2 [A2 A1 A2]
g g $(2.36)
[gAjg- 1][gA 2g- 1] [gA 2 g- 1][gA- 1A1A 29 1]
Definition: The Equivalence group of n is the direct product of the two groups: en
SL(2, Z) x Br,. The action of elements of En on C, is well-defined due to the commutativity
of the actions of the two factors. The product on this set is defined by (gi, bi)(g 2 , b2 )
(gig2 , bib 2 ) where gi E SL(2, 7Z), b E B,. In the previous section we called two brane config-
urations equivalent if they are connected by an element of Cn.
Property 2: If each of two SL(2, Z)-transformations can be undone by series of transposi-
tions then their product can be undone as well. More precisely: consider a configuration w
and two SL(2, Z) transformations g1 and g2. If there exist bl, b2 E B, such that (gi, bi)w = w
and (g2 , b2 )w = w then (gig 2 , bib 2 )w = w which means that the action by g1g 2 can indeed
be undone by b1 b2 E Bn.
Definition: The Duality group D(w) of a configuration w containing n branes is the sub-
group of SL(2, Z) defined as follows:
D(w) ={g E SL(2, Z) 1 3 b E B, such that (g, b)w = w} (2.37)
Note that Property 2 guarantees that D(w) is indeed a group.
Proposition: K(w) C D(w): the duality group necessarily contains the overall monodromy.
Proof: Consider the configuration
n n
Wn= [A 1 ][A 2] ... [An] B ]7[Ai], K, =_ fj Aj. (2.38)
i=1 i=1
We will explicitly construct an element b of B, in terms of transpositions which satisfies
(K, b)w = w. Let us first perform the SL(2, Z) transformation with Kn:
n n n-1
S[ Ai ] -E4 [Kn AjK-1] = 11 [KnAiKn-1][KnAnK 1 ]. (2.39)
i=1 i=1 i=1
Now apply the product H>- P, E Bn to obtain
n-i n-i
n 1[KnAjK-1][KnAnKn 1] 1' [KnAnK 1] f[KnAjK KnAiK KnAnKj]
i=1 i=1
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n-1
= [KnAnK-] J [Kn_1 Ai K- 1 ], (2.40)
j=1
where we introduced K_1 =J L4 A-. The next step involves the product H'_ 1 P E Bn:
n-1 n-1
[KnAnKn] I [Kn_1 AiKn--1 ] ' n P' [Kn 1 AiKn-3,1 ][B] (2.41)
n-1 n-1
B = K,_1 (fl Ai)- 1Kn-1IKnAnKnKnl(Hl Ai)Kn--1 ] = An,
i=1 i=1
and we find that
n-i n-1
S[Kn Ai Kn-'] [Kn An Kn1 [Kn_.1AiKn',][ An].2.2
In the last formula we can identify the same structure as we started with but with n - 1
matrices to which we can apply the above procedure successively etc. Finally one finds an
element of the equivalence group which leaves Wn invariant:
(Kn, (P 1 P1 )(P 2 P1 P1 P 2 ) ... (Pn-1 ... PI PI ... Pn-1)) C D(wn). (2.43)
2.7 Resolutions, Singularities and the Moduli space of
constant w
The dynamics of (p, q)-strings in a general axion-dilaton background is quite nontrivial.
Although the metric is locally flat, the coordinate in which geodesics are straight lines is
different for mutually nonlocal strings, and the transition functions between these coordinates
are rather complicated. In sec. 4.3 we shall examine the general case but before doing so we
want to analyze the problem for the special branches of the moduli space where T is constant
over S 2 . As we shall see, all the important features of the problem will already be visible in
this case.
The subset of the moduli space where T is constant has been analyzed before by Sen [6],
who considered only the case of the D4 singularity, and by Dasgupta and Mukhi [7], who
showed that there are two additional branches. We will briefly review their work, and then
give brane descriptions of the relevant singularities that are necessary to describe points of
enhanced gauge symmetry. It will turn out that two types of branes are sufficient to describe
the general situation. We shall also see that there exist interesting partial resolutions of the
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D 4, E6 , E7 and E8 singularities at constant T; these will prove very useful for our explicit
analysis of transitions.
The most efficient way to describe T as a function of z, is to consider the torus bundle over
S2 that defines the K3 surface and that is determined by the function
y2  X3 + f (z) x + g(z) . (2.44)
Here f and g are polynomials in z of degree eight and twelve, respectively, and for each fixed
z, (2.44) defines a torus whose modular parameter T can be defined implicitly as
j(T(z)) = 4 (24 (z)) 3 (2.45)(4f(z)3 + 27g(z) 2) (
where j(T) is the standard j function.
It is not difficult to see that T is constant if f 3  g2 [6], or if g = 0 (branch I) and f = 0
(branch II) [7]. On the former branch, g(z) = 0, and f(z) is an arbitrary polynomial of
degree eight whose zeros coincide with the zeros of the discriminant A(z) = 4f(z) 3 + 27g(z) 2
8 8f (z) = fl(z - zi) , A(z) = 4 f(z - zi) 3 . (2.46)
On this branchT - i, and each of the eight zeros corresponds to a singularity of type A1
with fiber type III [8]; this gives rise to the enhanced symmetry SU(2) 8 at a generic point. 4
In the type IIB picture there are 24 7-branes altogether, and thus we have to have three
branes at each of the eight singularities. Since the gauge algebra is A1 (rather than A2) we
have to conclude that two of the three branes are of the same type, and that the third is
relatively nonlocal to the former two; one solution is given as
CAA: KAKAKc = S, (2.47)
which is indeed compatible with T = i, since this is a fixed point of S. The resulting metric
is flat except at the singularities, which are in this case conical, each with a defect angle of
7/2.
On branch II, f(z) = 0 and g(z) is an arbitrary polynomial of degree twelve whose zeros
4 Here and in the following, we do not write the relevant U(1) factors.
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coincide again with those of the discriminant
12 12
g (z) = l (z - zi), A(z) = 27 (z - Zi)2 (2.48)
i=1 i=1
On this branch T exp(i7r/3), and each of the twelve zeros corresponds to a fiber type II [8],
which does not give rise to an enhanced gauge symmetry. In the type IIB picture, each of
the twelve singularities are therefore realized by two relatively non-local 7-branes; a solution
can be given as
CA: KAKc = TS, (2.49)
which is consistent with constant T=- exp(iw7/3) since this is a fixed point for the transfor-
mation TS. In this case the singularities define conical singularities with a defect angle of
7r/3.
We can also understand from this point of view how the various other enhanced symmetries
arise as some of the singularities coincide. Let us first consider branch I: as two of the AAC
collapse, the singularity gets enhanced from A1 x A1 to D 4. Indeed, in terms of the branes,
CAACAA -+ AABCAA - AAAABC, (2.50)
which is recognized as the standard brane description of the D 4 singularity. In the first and
second steps we used (2.18) and (2.19), respectively.
When three bunches collide, the singularity becomes of E7 type [8]. Using (2.50) this can be
represented as
CAACAA CAA -+ AAAABC CAA -+ AAAAAA B"C"C", (2.51)
where Kc" = KAKcK 2 and KB", = KAKB K- 2. We thus recover (up to an irrelevant
global SL(2, Z) transformation taking C" -+C, B" -+ B and A-+ A) the picture that was
used in [9, 10]. The coincidence of four bunches leads to ord(f) = 4, which according to
[8] destroys the triviality of the canonical bundle. It is not difficult to list all the possible
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enhanced gauge symmetries that can be found in this way on branch I
SU(2) 8
SO(8) x SU(2) 6
SO(8) 2 x SU(2) 4
E7 x SU(2) 5
E 7 x SO(8) x SU(2) 3
E 7 x SO(8) 2 x SU(2)
E 7 x E7 x SU(2) 2
E7 x E7 x SO(8)
(2.52)
SO(8) 3 x SU(2) 2
SO(8) 4
On branch II, the coincidence of two singularities gives rise to a fiber type IV, giving an A2
singularity [8]. From the point of view of the explicit branes this corresponds to
CACA -- ACAA --k AAAB. (2.53)
The first step corresponds to moving the cuts of the right ACA block to the left of the first
C brane in three steps, one at a time. This turns the C brane into an A brane by virtue of
KAKcKAKCK 'KC§K 1 = KA. In the second step we simply used (2.18).
Three coinciding singularities again give rise to a D4 singularity whose usual representation
can now be recovered as
CACA CA -+ AAAB CA -+ AAAABC, (2.54)
where we have used (2.53) in the first step, and (2.19) in the second step. Four coinciding
singularities result in an E6 singularity. Using (2.54) this can be understood as
CACACA CA -- AAAABC CA -+ AAAAAB'C'C', (2.55)
with Kc, = KAKCKX', and KB' = KAKBKj4. This can be recognized as the description
used in [9, 10]. Finally, when five singularities coincide, we get an E8 singularity.
(2.53) and (2.54) this corresponds to
CACACA CACA - AAAABC ACAA -- AAAAA BCC AA -
AAAAA AA B"C"C".
Using
(2.56)
This reproduces the description of [9, 10]. The allowed symmetry enhancements on branch
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II are therefore
0
SU(3)
SU(3) 2
SU(3) 3
SU(3) 4
SU(3) 5
SU(3) 6
SO(8) SO(8) 2  SO(8) 3
SO(8) x SU(3) SO(8) 2 x SU(3) SO(8) 3 x SU(3)
SO(8) x SU(3) 2 SO(8) 2 x SU(3) 2
SO(8) x SU(3) 3 SO(8) 2 x SU(3) 3
SO(8) x SU(3) 4
E6
E6 x SU(3)
E 6 x SU(3) 2
E6 x SU(3) 3
E6 x SU(3) 4
E6 x SO(8)
E 6 x SO(8) x SU(3)
E6 x SO(8) x SU(3) 2
E6 x SO(8) 2
E6 x SO(8) 2 x SU(3)
E6 x E6
E6 x E6 x SU(3)
E6 x E6 x SU(3) 2
E6 x E6 x SO(8)
E6 x E6 x E6
(2.58)
E8
E8 x SU(3)
E 8 x SU(3) 2
E8 x SU(3) 3
E8 x SO(8)
E 8 x SO(8) x SU(3)
E8 x SO(8) x SU(3) 2
E8 x SO(8) x SO(8)
E8 x E6  E8 x E8
E8 x E6 x SU(3) E 8 x E8 x SU(3)
E8 x E6 x SO(8)
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SO(8) 4
(2.57)
(2.59)
Chapter 3
String junctions
3.1 (p,q)-strings and networks
The fundamental object of JIB string theory is the (fundamental) string at least as far as
the perturbative definition of the model is concerned. Nonperturbative objects have long
been known to exist as soliton-like extended solutions of the low-energy effective field theory.
The recent developments in string theory added two new features to this picture: the D-
brane description provides a conformal field theory approach to describe the dynamics of
these states and the various duality conjectures state that they are on equal footing with the
"fundamental" string.
IIB theory has D-branes with even space-time dimensions: Di-brane, D3-brane, D5-brane
and D7-brane. It was also shown [11] that there exist bound states of these branes with the
perturbative string (Fl) , in particular various number of F1 and Dl branes can form a new
kind of string. If it is formed of p fundamental and q D-strings (usually p and q are coprime)
then we call it a (P)-string. The masses of the states associated to (P) strings must also take
into account the string tension T,,q of the (P) string [3],
Tq = |p - qT I . (3.1)
Since the defining property of D-branes is that fundamental strings can end on them, a
string junction can be formed when F1 ends on a D1. Charge conservation, however requires
that in such a junction the net p and q charge is zero and thus when a (')-string ends on a
( )-string, the third prong must be a (_) string. We call this configuration the fundamental
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(three-pronged) string junction. Using the SL(2, Z) symmetry of IIB theory, one can have
string junctions with arbitrary outgoing charges as long as charge conservation is satisfied.
It is known that the junctions can be BPS [12, 13] and using them as building blocks, one
can construct networks of strings [14].
3.2 String creation
BPS brane configurations preserve some amount of supersymmetry and in general there is
an associated moduli space of the configuration. For example as a result of the no-force
condition, individual branes can be translated in spacetime resulting in a many-parameter
family of similar configurations. In cases, however, when the number of transverse dimensions
is small, the branes hit each other and the moduli space seems to have a boundary at that
point because charge conservation usually forbids that branes simply pass through each
other. Hanany and Witten [15] proposed that the branes should be allowed to pass through
and charge conservation is maintained by the creation of a third brane suspended between
them.
Let us explain the details in the setup of 7-branes and strings. Consider a [1,1] 7-brane with
world volume in the x ... X7 directions and a string passing by, whose spatial dimension is in
the x8x9-plane. Fig. 3-1 shows a (not necessarily BPS) string in the vicinity of a [1, 1]-brane.
The ( 01) and (') strings attract each other and are pulled towards each other until they
form the (1) bound state. If the other ends of the strings are fixed, then the bound state can
only be formed on a short segment originating from the [1,1]-brane and we see a junction as
a result. In other words, when a string is pulled through a 7-brane, another string is created
0( ) (() )) (0)
Figure 3-1: A junction is formed as a result of the Hanany-Witten effect.
which is suspended between these two branes. We will see later that as a consequence of this
process, the inclusion of string junctions in the spectrum of the brane theories is inevitable.
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3.3 Equivalent networks
We consider configurations of parallel 7-branes, whose worldvolume spans the x 0 ... x 7 di-
rections and as a consequence of this 8-dimensional translational invariance we will restrict
ourselves to the two dimensions of the x8x 9 plane. In the F-theory picture these two direc-
tions are compactified on a sphere and this fixes the number of 7-branes to be 24.
Let us first fix the global properties of the background in the x8x9 plane. The 7-branes act
as sources for the axion-dilaton field, T whose monodromies can described by defining the
charges [pi, qi] together with branch cuts emanating from the branes. The precise position
of these cuts is non-physical, but the relative order is relevant. A typical configuration is
shown in Fig. 3-2(a); note that the figure is not meant to indicate any particular position of
the branes in spacetime, only the global properties of T are defined. A (P) string becomes a
K(")-string upon crossing the corresponding cut in the anticlockwise direction.
, I I , , , I, I I
(a) (b) (c)
Figure 3-2: (a) We first define the monodromies of T. The filled circles stand for A-branes,
the empty squares are C-branes. (b) A graph that is allowed by charge conservation. (c)
The same graph as in (b).
As far as the homotopy of curves is concerned any string or network can be represented
within the above figure. We define a graph to be a collection of curves joining three-pronged
junctions and/or branes. An example is presented in Fig. 3-2(b) where three curves join
a three-pronged junction with three 7-branes. We do not allow for four- or more-pronged
junctions, these will arise as limiting cases of the objects described by our graphs. The curves
in a graph represent (P)-strings and thus charge conservation restricts the allowed graphs.
In Fig. 3-2(b) and in most cases that we shall consider, the charges are uniquely determined
(up to an overall sign) by the homotopy and we will not indicate them. We stress that the
notion of a graph does not refer to the actual paths or angles in spacetime thus there is no
distinction between the graphs in Fig. 3-2(b) and (c): they are said to be equal. Also we
consider two graphs equal if one is obtained from the other by pulling a (P)-curve through
a [p, q]-brane as a string does not feel monodromy around a brane it may end on.
Two graphs will be said to be crossing-transformed of each other if one is obtained from
the other by pulling one of the strings through a brane and creating an extra prong [15] as
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for example in Fig. 3-3. See [10, 16] for a detailed description of the charges and charge
conservation. In general the resulting prong may not have coprime charges.
(a) (b)
Figure 3-3: Crossing-transformation.
We will call two graphs equivalent if they are related by a series of crossing-transformations
and channel-transit ions, the latter corresponds to changing a "t-channel subdiagram" to an
"s-channel subdiagram" without altering the outgoing prongs, see Fig. 3-4.
Figure 3-4: Channel transition.
The above definition of equivalent networks is the one familiar from the literature (see [10]
and references therein). It reflects the idea that different representations obtained from each
other by crossing transformations are different descriptions of the same BPS state - see
Fig. 3-1 for yet another way of visualizing this - and they are valid in different regions of the
moduli space of the positions of the 7-branes. This way seemingly very different networks
are claimed to describe the same state, in particular a state with non-zero Chan-Paton factor
associated to a given brane may have a representative which does not even end on that brane.
To circumvent this paradox one has to be careful with defining the charges corresponding to
the 7-branes that are invariant under the above equivalence transformation. This is explained
in [17] whose concept of invariant charges play an important role in the present work.
A generalized string or network is a continuous map of a graph onto S2 with the obvious
condition that the "branes" are mapped to the corresponding branes and the homotopy is
preserved. Two junctions are said to be equivalent if their graphs are equivalent. We shall
restrict ourselves to networks which are equivalent to an open string; these do not have
moduli parameters and will be uniquely realized.
We will be looking for graphs that are BPS in the background of the 7-branes. We will
mostly rely on two necessary conditions [14]: in a BPS string network the strings are smooth
geodesics and the tensions balance each other at the junction points[18].
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The consistency of the emerging picture describing the uniqueness of the BPS state among
the zoo of equivalent graphs also requires that nothing drastic happens at the curves which
separate regions of different descriptions and no contradiction arises from the fact that here
seemingly two different BPS networks may coexist. This question for the channel-transitions
is addressed in sec. 4.2 while for the crossing-transformations it was discussed in detail in [16].
The subtle point is that in a junction-open string transition, the presence of the disappearing
prong (even if it is of zero length) affects the slope of the other two strings through force
cancellation. Thus at the boundary of the two regions a smooth string and a string with
a spike exist simultaneously which seems to be in conflict with the uniqueness of the BPS
representative. The resolution is that one has to take into account the fact that the geometry
itself is singular at the position of the 7-brane and what seems to be a smooth curve from one
side is in fact a broken one from the other. We will show that this effect of the singularity
exactly equals the no-force condition thus resulting in a unique representative.
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Chapter 4
Junction transitions
4.1 Open string - string junction transitions in con-
stant T backgrounds
From the point of view of F-theory, the relevant BPS states correspond to supersymmetric
cycles in an elliptically fibered K3 whose self-intersection numbers are -2. In type IIB
theory these states are described by smooth geodesics or possibly string junctions on the
base space of the elliptic fibration (a two-sphere) whose metric is given by (2.10). hp,q(z)
is an analytic function of z save for possible poles at the locations of the 7-branes, and the
metric is therefore flat except at the locations of the poles.
The relevant smooth geodesics in type JIB begin and end at the position of a 7-brane, and,
as they are smooth, must avoid the singularities of the other 7-branes. Each such geodesic
defines therefore an element of a homotopy class. The property to be geodesic means that its
length is minimal in the homotopy class of curves it defines. The computation of the length
may require the use of several metrics, as the (P) labels of the string can change whenever it
crosses a cut. Given a fixed set of branch cuts, we can distinguish between homotopy classes
associated to direct strings, containing representatives that do not cross branch cuts, and
homotopy classes associated to indirect strings, where all representatives must necessarily
cross branch cuts.
Given a homotopy class with two fixed endpoints, we can analyze whether a smooth geodesic
exists in this class. If this is not the case, we can ask whether there exists a geodesic string
junction or some other geodesic that corresponds to the same cycle in K3. (In particular,
the configurations that can be obtained by brane crossings always define the same cycle in
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K3.) Here a geodesic three-string junction is a trivalent graph, where the three prongs are
smooth and end on 7-branes. The total length of the geodesic junction is defined as the sum
of the lengths of the prongs. It is not difficult to show that in order for the string junction
to be geodesic (i.e. of minimal length), the familiar force balance condition [18, 14] must be
satisfied at the junction vertex.
We shall find (at least in the examples we consider) that for the cycles with self-intersection
number -2, precisely one of the possible geodesics objects is smooth and thus represents
the BPS state in this configuration. This confirms the proposal of [10] that the conventional
geodesics are not the relevant BPS states in the whole of the moduli space; it also reaffirms
indirectly, via a string of dualities, the Hanany-Witten effect [15] (see also [19]), and the
string creation effect in the DO-D8 brane system [20].
In this section we use the resolutions of the various gauge enhancement points (that have
been discussed in the previous section) for which T is constant. This will simplify the analysis
considerably, as there exists then a coordinate in which all (p, q) geodesic strings are straight
lines. We shall first consider the resolution of so(8) into two bunches of 7-branes, and we shall
see that an indirect A-A geodesic is in fact realized as a degenerate three string junction.
Much of the technology shall be developed through this example. We shall then turn to
the case of a three singularity resolution of so(8) where the transitions between a direct A-
A geodesic, the corresponding A-A-C geodesic junction, and the associated indirect A-C
strings can be seen very explicitly. We also discuss briefly other examples. The main lesson
of this section is that in the appropriate coordinate the total length of a string junction is
given by the length of a mathematical straight line joining the positions of the initial and
final 7-branes.
4.1.1 Indirect strings in a two-singularity resolution of so(8)
Let us first consider the so(8) singularity which we resolve at constant T = i as (AAB
CAA). For definiteness, let us place the CAA group at zo and the AAB at z1, where both
zo = xo and zi = x, are real and xO < x (Fig. 4-1(a)).
The metric is defined as
hpq(z) = C(p - iq)(z - zo)-(z - Zi)- , (4.1)
where C is some constant that does not depend on (p, q). All strings feel the same identical
metric up to an overall (p, q) dependent constant, and thus all geodesics are necessarily along
the same trajectories. The metric is flat and has conical type singularities of deficit angle E
at zo and zi.
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Figure 4-1: Two-singularity resolution of so(8). (a) The groups of three branes are located
at the real points zo and z1. (b) The singularities are mapped to 0 and w, while the whole
z-plane is mapped to the non-shaded region of the w-plane.
Let us take (p, q) = (1, 0), C = exp(i7r/4), and let us draw a branch cut running horizontally
to the left from zo with angles defined by -7r < 9o < ir on the sheet, and a second cut running
horizontally to the right from z, with angles defined by 0 < 01 27r. Let us introduce a new
coordinate w via
f Z eu/ 4 dz'
W(z) = e. (4.2)
10 [(Z' - xO)(Z' - X1]4
By construction it is clear that in the Euclidean w-plane, geodesics are represented by straight
lines. The singularity at zo maps to a singularity at w = 0, and the two sides of the branch
cut emanating from zo are mapped to rays with arguments t37r/4 in the w-plane (see Fig. 4-
1(b)). The other singularity at z1 is mapped to w, which is real because
Wi = fx x 1 . (4.3)
xO [(X - xo)(x1 - X)] 4
The two sides of the cut originating at z, are mapped to the rays departing from w, with
arguments 7r/4 and 27r - r/4. It is then clear that the image of the whole cut z-plane is the
part of the w-plane, where appropriate wedges with I0ol > 37r/4 at w = 0, and |6w1 < 7r/4
at w, have been removed; this is depicted in Fig. 4-1. There is an implicit identification of
the rays representing the boundaries of the shaded regions, but this should not be taken to
mean that the metric is simply an ordinary conical metric; in fact, the type of string changes
as it crosses the seam described by the identification.
The structure of the w-plane could have been guessed directly from inspection of (4.2), and
the only nontrivial information that the map carries is a determination of w, in terms of
x, and xO. As we consider w, to be an adjustable parameter, its relation to the z-plane
parameters is not important for us and we can work directly in the w plane. This will also
be the case for metrics with three singular points.
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We can consider resolving the two bunches of branes further into individual branes (see
Fig. 4-2(b)), so that we can distinguish more clearly the various types of geodesics, but this
is not compatible with the assumption of constant T = i. We shall therefore use this further
resolution only as a formal tool, with the implicit understanding that we have to take the
limit in which the individual branes collapse to the above bunches. We want to show that
(in this limit) the indirect A-A geodesic is not smooth and that the associated three-string
geodesic junction A-A-C has total length which is smaller than that of the indirect A-A
geodesic by a finite amount proportional to the distance between the two bunches. This
should be sufficient to guarantee that the three-string junction remains the actual BPS state
for a small resolution of the bunches into individual branes.
0)0
(0))
AAB CAA
(a) (b) (c)
Figure 4-2: (a) The two-singularity resolution of so(8). (b) An indirect A-A string. (c)
The corresponding three-pronged junction. When the branes eventually collapse into two
punctures the (0) and the (1) prongs degenerate.
The indirect A-A string departs from each of two A-branes in the BAA bunch as a ( )
string, and it is a (1) and (0) string, respectively in between the bunches (see Fig. 4-2(b)).
As the bunches collapse, the top and bottom geodesic strings are straight lines from one
bunch to the other, and the total length is thus the sum of the two contributions
IA -A| = 11,0 + 10,1 = 2w, . (4.4)
This path is not a smooth geodesic: as the path goes through the singularity at zo it reverses
direction.
This geodesic should be compared with the junction that corresponds to the same cycle in
K3. This junction arises as the A-A string cuts through the C brane in the right singularity
producing a C prong, i.e. a (1) string (see Fig. 4-2(c)). As the resolved branes recollapse
into the two separate bunches we get (') and (0) prongs of negligible length, but a long ( )
prong connecting the two bunches, and thus
IA-A-Cl = V wi , (4.5)
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where the v"2- arises as the absolute value of the (1 - i) factor in the metric. It thus follows
that
IA-A-Cl 1
JA-Al V ' (4.6)
and we have verified that the geodesic junction has lower length than the non-smooth open
string geodesic. Because of the above arguments this result should also hold when the two
bunches are resolved infinitesimally.
4.1.2 Transitions for a three singularity resolution of so(8)
In the above example, the 3-pronged string was somewhat degenerate in that two of the
prongs had vanishing length in the limit where the branes collapsed to bunches. We shall now
consider examples where this does not happen. To this end we have to consider resolutions
(at constant T) into at least three bunches of branes. The simplest case already occurs
(perhaps slightly surprisingly) for so(8) which can be resolved as
AC
P1
AC
Q
AC
P 2
where T = exp(i7r/3) (see Fig. 4-3). We expect that as long as the middle singularity is above
the line between the two other singularities, there exists a smooth geodesic representing a
direct A-A string connecting the right and left bunches of branes. As the middle singularity
is moved downwards, we expect that the smooth (direct) geodesic eventually develops a
corner, and that there is a transition to a geodesic three-pronged junction whose different
prongs end on the three singularities.
K ( 00) 0
Figure 4-3: The direct A-A string and the
the three-singularity resolution of so(8).
corresponding three-pronged A-A-C junction in
It is again useful to resolve the three bunches further in order to identify the types of strings
(Fig. 4-3). The direct string is a (1, 0) string that avoids any branch cut, and the three-
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0
pronged string starts as a (1, 0) string on the right A-brane, emits a (1, 1)-string (that
ends on the middle C brane), and thus becomes a (0, -1) string. It then crosses the AC-cut
thereby becoming a (1, 0) string that can end on the A-brane of the left singularity (avoiding
the leftmost C-cut). The configuration in the z-plane is depicted in Fig. 4-4(a) where the
location of the three bunches are labeled as P1, Q and P2, the position of the junction is
denoted by S, and B and A are the points to the right and left of the branch cut emanating
from Q.
As before we introduce the coordinate
w(z) = J hi,o(z')dz', hi,o(z) = C(z - Zp1 )-6(z - zp 2 ) i(Z - zQ)-6, (4.7)zp2
that is appropriate for (1, 0) strings. The two sides of the cut emanating from Q become rays
that enclose an angle of 600, and the image of the cut z-plane is the w-plane where the shaded
region has been removed (see Fig. 4-4(b)). 1 As T = e i we have that T 1,0 = T1,1 = To,_1 , and
thus the appropriate length for the corresponding strings coincides with their actual length
in the w-plane (up to an overall immaterial factor).
PPP 2'SS
A: B P
A 'B
SS
Z W QP
(a) (b)
Figure 4-4: (a) Three-pronged junction in the z-plane. (b) Three-pronged junction in the
w-plane. Since r = e?3, the w-plane represents faithfully the effective length of the prongs.
The total mass of the junction is given by the length of the straight segment PP2.
As long as the P1P2 line segment in the w-plane avoids the shaded region, the corresponding
geodesic is smooth. If this is not the case (as shown in Fig. 4-4(b)), the shortest path that
avoids the shaded region (and thus corresponds to an element in the same homotopy class
as before) goes through the singularity at Q, and thus does not represent a smooth geodesic.
On the other hand, the three-string junction that is depicted in Fig. 4-4(b) is a smooth
'The precise form of the shaded region depends on the choice of the branch cut that emanates from Q in
the z-plane.
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geodesic and its overall length is strictly smaller than the length of the above path. Let us
justify this claim in some detail.
First, in order to see that the diagram represents a geodesic junction we observe that (i) the
angles at the junction S are all 1200, and (ii) all prongs are straight lines. (This is obvious
for the SQ and SP2 prongs; as the defect angle at Q is 600, the SP is prong is a straight
line provided that the AP line when rotated by 600 to BP, forms a straight line with the
first portion SB.)
In fact, given Q, P2 and P,, there exists at most one point S for which these conditions are
satisfied, and this point can be found as follows. The points X1 for which QXIPj = 1200
form an arc (which goes through Q and Pj), and so do the points X 2 for which QX 2P2 =
120'. S is therefore the (unique) intersection of the two arcs. (The intersection point may
not exist, in which case the junction does not exist, see below.) The line PjS determines
then the point B, and thus also A.
Next, we want to determine the overall length of this (unique) junction. As the triangle
QP 1Pj is equilateral, P is on the arc over QPj with angle 600, and S is on the arc over
QPj with angle 1200 , and thus the two arcs form together an actual circle. This implies that
both Q and S lie on the same arc over P1P, with angle 600, and therefore that the angles
ZPiSPj = LP1QPj = 600. It then follows that the points P1, S and P2 define a line, and
thus that the P1A and P2S prongs lie on the P1P2 line segment.
Let us denote by S' the image of S after an counterclockwise rotation by 600 around Q.
As this rotation maps B to A, it then follows that AS'Q and BSQ are identical triangles.
Finally, since QSS' is equilateral, the distance SQ equals SS', and we therefore find that
the length of the PIP2 line segment is equal to the true length of the junction. In particular,
this implies that the length of the junction (if it exists) is strictly lower than that of the
broken direct geodesic. Conversely, if the direct geodesic is smooth, Q must lie above the
P1P2 segment, and the above construction leads to two arcs that do not intersect, and the
geodesic junction does not exist.
It is actually possible to establish the existence of the junction directly by choosing the shaded
region to lie symmetrically with respect to the line passing through Q and perpendicular
to P1P2. (This choice corresponds to a certain choice for the location of the branch cut
that emanates from Q.) In this case, the length of the (0, -1) string is zero, and there are
no broken segments in the picture (Fig. 4-5). It is then very easy to visualize the open
string/junction transition. Let us fix the points P and P2 on the w-plane and suppose that
Q is somewhere above the P1P2 segment as in Fig. 4-6(a). As Q is moved downwards and
crosses the P1P2 line, the would-be geodesic string is transformed into a geodesic junction
(Fig. 4-6(b) and (c)). It should be stressed that the mass of the representative of this BPS
state is unchanged in the process, as it is given by P1 P2.
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P1
30 30 S
Q2
Figure 4-5: In the w-plane the junction simplifies if the cut is chosen to lie along the QS
prong.
Q
(b)
Pp 
P
Q
(c)
Figure 4-6: For fixed P and P2, a prong is created as the third puncture Q crosses the P1P2
line segment.
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This argument covers most of the possible configurations, but there exists yet another region
where Q is below the P1P2 segment (so that the direct geodesic has a corner), but yet the
angle Z PjP2Q > 120 , and thus we cannot find a satisfactory junction S as the relevant
arcs do not intersect (Fig. 4-4(b)). This configuration can be reached from the three-string
configuration discussed above as P2 approaches S, and the length of one of the prongs of the
junction vanishes. We want to demonstrate next that as P2 crosses S, the junctions turns
into an indirect C-A string that runs from Q to P (Fig. 4-7).
Figure 4-7: The indirect A-C string. The junction of Fig. 4-3 can be obtained by moving
the string across the rightmost singularity.
In order to discuss this configuration, it is necessary to draw also the branch cut that
emanates from P2 , which in the w-plane again corresponds to a wedge of angle 600 that
is drawn as a shaded region in Fig. 4-8. Let Pj be the image of P after a rotation about
Q by 60 , and let Pl' and Q' be the images of P, and Q after a rotation about P2 by 600
and -60', respectively. The relevant (indirect) geodesic is depicted in heavy lines, and it
is manifest that it does not have any corners. By rotating the line segments about P2 and
Q, it is easy to see that the total length of the string equals PjQ'. Finally, since the two
triangles P1 QP2 and PjQQ' are identical (as the triangle P2QQ' is equilateral), it follows
that the overall length is again equal to P1 P2 .
It should be noted that L PjP 2Q > 120' implies that Q'Pj crosses the excised region ema-
nating from P2, which is necessary for the charge conservation of the indirect string. (The
indirect string has to cross the cuts from both Q and P2, as is immediate from Fig. 4-7.)
Completely analogous arguments hold also for the indirect A-C string running from Q to
P2 .
We have thus found that depending on the configuration of the 7-branes, the actual BPS
state is realized either as a direct A-A string, as one of two indirect C-A strings, or as
a A-A-C junction. Only one realization is smooth at any point of the moduli space (see
Fig. 4-9), and its mass is always given in terms of the length of the straight line joining
the two A-branes in the w-plane. As we shall demonstrate below (see section 4.3), similar
results also hold for the case where T is not constant.
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1
Figure 4-8: The indirect A-C string is represented by three broken line segments in the
w-plane. Charge conservation requires that it crosses both the P2 and the Q-cut.
direct A-A string
P1  2
three-pronged
A-A-C junction
indirect A-C string
between ,|indirect A-C string
Q and PR betweenQ andP
Figure 4-9: For fixed P and P2 we have depicted the different regions for Q in the w-plane
where different configurations are BPS. The shaded regions are the excised wedges associated
to P and P2, and the arc through P and P2 is the boundary of the region where both P
and P2 lie outside the wedge emanating from Q.
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4.1.3 Other three-singularity resolutions
We can also consider other resolution of singularities into three bunches of branes. For
example, we can resolve the E6 singularity at r = exp(iir/3) as
AC BAAA AC (48)
P1  Q P2
The direct A-A string and its junction counterpart are shown in Fig. 4-10(a). The defect
angle associated with Q is 1200 in this case, and the junction is shown in Fig. 4-10(b). The
angles at S are 1500, 1500 and 600, and the effective length of the QS (-1, 1)-prong is indeed
equal to the length of the portion of the line segment P1P2 inside the excised region, by
virtue of T- 1,1 = v/'Ti,o. Again we see that the effective length of the junction equals the
length of the straight mathematical line joining P and P2 .
0101
(a)
601,
60
(b)
Figure 4-10: (a) Constant T three-singularity resolution of E6 . (b) The conical singularity
at Q (BAAA) has defect angle 1200. The physical length of the SQ prong of the geodesic
junction is V/5(SQ) which is equal to the length of the portion of PP2 inside the shaded
area.
There is also a three singularity resolution of the ten 7-branes that make up the E8 singularity
as AC ACBAAA AC, where r = exp(iwr/3). The middle singularity has a defect angle
of 1800, and thus the direct strings always remain geodesics.
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On the branch r = i, there exists a resolution of the E7 singularity as (see Fig. 4-11(a))
AAC AAC AAC
P1  Q P2
The conical singularity at Q now carries a defect angle of 900, and the effective length of
00 
1-10
(a)
45: 45
(b)
Figure 4-11: (a) Constant T three-singularity resolution of E7 . (b) The conical singularity
at Q (AAC) has defect angle 90'. The physical length of the SQ prong of the geodesic
junction is v'2(SQ) which is equal to the length of the portion of P1P2 inside the shaded
area.
the junction is given again by the distance between P and P2, as T1,1 = V/2T1,o for T = i
(Fig. 4-11(b)).
4.2 Other transitions in constant T background
Looking at some of the networks in Fig. 4-21 one could say that we might overestimate
the complicatedness of the background and though charge conservation permits all, some of
the graphs will never be BPS. This question is hard to answer because the explicit form of
the metric is indeed very complex and it is unlikely that an analytic determination of the
geodesics is possible, though a numerical analysis would be desirable and useful. We will not
do that, but will argue that the moduli space of graphs is not less complex than suggested
by Fig. 4-21 using a similar but far more tractable configuration.
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The idea is that instead of looking at four 7-branes, we pair each of them up with an extra
one so that we produce a constant axion-dilaton field. This can be achieved by collapsing
some of the branes; in particular T = e 3 can be maintained if the background consists of
coinciding pairs of [1,0]- and [1,1]- branes. Thus we may get some insight into the moduli
space of the equivalence class of Fig. 4-21 if we put a [1,0]-brane on top of each [1,1] and a
[1,1]-brane on top of each [1,0] as shown in Fig. 4-12. This is of course no longer the general
resolution of an SU(3) singularity, but rather a special resolution of an E6 configuration.
I I II 1I Z
I I I~1 (0o)
(a) (b)
Figure 4-12: (a) Constant T = 3i resolution of th E6 singularity. (b) A convenient arrange-
ment of the cuts used later in Fig. 4-13, and a three-pronged network.
This configuration possesses a much simpler metric than a general one: in the w-coordinate
all strings are straight lines and the four singularities are purely conical, giving rise to an
excised region of deficit angle 60' emanating from each puncture. Now it is just an exercise
in planar geometry to show that every single graph of Fig. 4-21 is realized at certain regions
of the moduli space. The moduli space is an extended version of Fig. 4-9 and we only present
an interesting part of it in Fig. 4-13 corresponding to the metamorphosis of the four-pronged
junctions.
It is reassuring to see that not only the crossing transformations but also the channel-
transitions are smooth processes. It is instructive to see this in more detail. We show in
Fig. 4-14 the (b)--+(d) process of Fig. 4-13 in a clearer context. Since the branch cuts do
not play any role now, we relocate them in such a way that they are not crossed by any of
the strings. In Fig. 4-14(a) the network is again shown on the w-plane with its endpoints
forming a rectangle whose vertical edges will be decreased in (b) and (c).
Naively, one could expect a jump in the process of moving the branes when the square is
reached, since the shortest network seems to become the one with horizontal string in the
middle (this is known as Plateau's problem). However, we should not forget about the
tensions: although
T(1 = T(_01 = T(1), (4.9)
It~~ israsrn1oseta o nytecosn rnfrain u lotecanl
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Figure 4-13: Metamorphosis of a four-pronged network
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Figure 4-14: Channel-transition of a four-pronged network
on the w-plane.
the horizontal prong is born with a different value:
in constant T = e3 background
T ) = T1), (4.10)
and this implies that the angles at the new junction will be 60'-150'-150', instead of 1200-
120'-120'. As a consequence, the network on Fig. 4-14(c) becomes shorter exactly when
the vertical (')-string shrinks to zero size and the transition happens smoothly through the
four-pronged junction of Fig. 4-14(b).
4.3 Transition and the uniqueness of the BPS states in
general background
4.3.1 BPS state in the vicinity of three 7-branes
As a warm-up we restrict ourselves to the vicinity of three branes. We will be interested
in networks whose graphs are equivalent to that of a given open string, the one shown in
Fig. 4-15(a). Application of crossing transformations through the various branes results in
the equivalent graphs shown in Fig. 4-15(b),(c), and (d). We shall see that the endpoints of
a graph determine the BPS network (independent of the multiplicity of the prongs), thus as
far as the possible endings are concerned, the four graphs form an exhaustive list. Notice
that it is unnecessary to extend the list with graphs which have both incoming and outgoing
prongs on the same brane. The reason is that these pairs of prongs are not fixed to the
brane, they can be considered as parts of a string passing by; Fig. 4-16 shows a network
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equivalent to the ones in Fig. 4-15.
I I
I I
I I I
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I I
I I IEl
(a)
(b)
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Figure 4-15: Four equivalent graphs in the vicinity of three branes.
(a) (b)
Figure 4-16: (a) A network with a pair of incoming and outgoing strings on the middle
brane. (b) A deformation of the previous network shows that the middle brane does not
play an important role and we obtain an A-A string with a closed loop in the middle. This
can never be BPS as will be shown in sec. 4.3.3.
Depending on the positions of the three 7-branes a given graph of Fig. 4-15 may or may
not be realized as a BPS object. In the following we will show that there is no point in the
moduli space where any two of the above graphs may be BPS.
Let us assume that for any of the above four graphs there is a region in the moduli space where
a BPS state homotopic to the graph exists. Based on this assumption we shall determine
the BPS mass and the slopes of the geodesics at the branes. We will find that this data will
be the same for the four graphs.
We choose z as the complex coordinate on the cut plane and the positions of the branes are
denoted by P1 , P2 and P3 (see Fig. 4-17). Let the 7-branes at P and P3 be [p, q]-branes and
the one at P2 an [r, s]-brane and also define e as
e = ps - qr. (4.11)
Note that the charges of the 7-branes are now arbitrary, they need not be A- and C-branes.
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P '
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[p,q]
Y 1 [p,q]713
Figure 4-17: Direct string corresponding to Fig. 4-15. When there is a BPS state represented
by this graph its mass is given as an integral along 713-
The mass of a (P) string can be calculated using the tension-weighed metric:
dsL) T(2 d2  h(P)(T(z), z)dz 2  (4.12)
(qq q
where h(p) (z) and T is given in terms of the position of the branes, zi as [2]:
h(p)(T(z), z) = (p - qT(z))r 2 (T) fl(z - zi)-12 (4.13)
i
4(24f)324j(T(z)) = ;4A =)27g 2 + 4f 3 = (z -- z). (4.14)
When the direct string - which is represented in Fig. 4-15(a) and Fig. 4-17 - runs along a
curve -y, its mass is given by:
m h(P)(T(z), z)dzL (4.15)
Since in the coordinate
/zw Jh(T (Z),z) dz, (4.16)
the geodesic is a straight line, when the string runs along the geodesic curve, the phase of the
integrand is constant and the absolute value may be taken outside the integral. Therefore
the mass of the geodesic string is:
m = M(a) (4.17)
M(a) = h(P)(T(z), z)dz. (4.18)
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Observe that after taking the absolute value outside, y may be deformed without altering
the result. Therefore the path of the integration, Y13 goes from P to P 3 and below P 2 as
is shown in the figure, but is otherwise arbitrary, in particular it need not run along the
geodesic. To simplify most of the formulas we introduced the complex quantity, M(a) whose
absolute value is the mass of the BPS state.
Now we determine the slope of this geodesic at its left endpoint, P1. Since the metric is
locally flat, in the coordinate w the geodesic is a straight line. In the above integral h(z) is
the instantaneous metric that the string feels along its path which in this case equals h(p)(z).
The slope of the string at a generic point, z is given by:
dw Mia)
Arg(dz) = Arg dw) Arg ( h(z)) (4.19)
and thus the initial slope at P is equal to:
slope, = Arg ( ) (4.20)
Note that in this formula h(P) is h(p)(P1), which is nonsingular at a [p, q]-brane as follows
from (4.13).
When the arrangement of the branes gives rise to a BPS state represented by the graph
of Fig. 4-15(b) the mass can be computed similarly but one must note that for the above
arrangement of branch cuts this is a string with nonuniform charges. Nevertheless the mass
is still given as length times tension and the arguments about changing the order of the
integration with the absolute value apply similarly to the previous case. The mass of the
geodesic string is thus given as:
m = M(b)
IC2 
C3
M(b) h(p )(T(z), z)dz + h p-er ) (T(Z), z)dz +
1p q fC2 (qe
1 P2+1 h( -er) (T(z), z)dz. (4.21)
C3 ~( -e
The integration is performed along the curve 712 which is depicted in Fig. 4-18(a) and
represents a (P)-string between P and the C2 cut followed by a (P-)-string between C2
and C3 and a (-) which ends on P2 . Note again that the curve of integration does not
need to run along the geodesic as the integral in (4.21) is invariant under its deformations.
Let us now deform the curve into a special one so that the integral in (4.21) becomes simple.
The new path is shown in Fig. 4-18(b): it first goes along Y13 which hits P3, then loops
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Figure 4-18: (a) The curve _712 which is used to compute the mass of the BPS indirect string.
(b) We transform 712 into 73232 0 713 to benefit from that the integral over 73232 vanishes.
around P2 and then P 3 following 73232 which ends on P 2. The integral along 73232 can be
evaluated by shrinking the path into a single curve between P 3 and P 2 which is covered by
73232 three times with different charges:
h(T (z), z)dz
/'73232
J2 (h(P) (T(z), z) - h(P-er (r(z), z)+P3 qq-es
+h )(T(z),,z) dz =0, (
by the linearity of the metric in the charges. The vanishing of this integral implies that M(b)
is given by the integral over 713 only and is equal to M(a). We again define w as in (4.16)
keeping in mind that the instantaneous metric is not h(P) along the whole path, nevertheless
it is analytic because of the SL(2,Z)-invariance at the branch cuts. The slope at P is again
given by
slopep, = Arg ()= Arg (4.23)
Entirely similar argument holds for the indirect string of Fig. 4-15(c) and we conclude that:
M(a) = M(b) -~ = /Y h(P )(r(z), z)dz. (4.24)
Now let us turn to the three-pronged junction of Fig. 4-15(d), which was discussed previously
[16]. The calculation of A(d) is simplified if we use the freedom of relocating the C 2 cut
which we place right on top of the P 2-prong as is shown in Fig. 4-19(a)
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Figure 4-19: (a) The three-pronged junction of Fig. 4-15(d) with a convenient placement of
the C2-cut. (b) The length of the P2-prong is equal to the integral over the loop around P 2 .
The junction point which is also on the C2-cut, is denoted with S. Our claim is that the
tension-weighed integral along the P2-prong is actually equal to the integral along the loop
which departs and arrives at S and surrounds P2 weighed with the tension of the (P)-string
(Fig. 4-15). This Ansatz is not as ad hoc as it seems at first sight but is motivated by
the physical picture which one has in mind when visualizing what really happens in the
Hanany-Witten effect considered as a real process (Fig. 3-1).
Back to Fig. 4-19(b), the integral is most easily performed after shrinking the loop to a curve
between S and P2 which is covered twice:
sh()(r(z),z)dz = (hp (T(z), z) - hh ((Z) -Z)dz-
f-e h(,)(T(z), z)dz, (4.25)
where we used that the limiting values of the metric on the two sides of the cut relate to
each other as hright = h _ef = h ef . If we now define the quantity analogous to M(,),
M(d) / h (P)(T(z), z)dz + (-e h(r)(T(Z), z)dz) +
+ h ((z), z)dz, (4.26)
then we again learn that M(d) = M(a). Let us now show that the mass of the geodesic object
is again m = JM(d) . The absolute value of each of the three complex terms in (4.26) is equal
to the mass of the corresponding geodesic prong, therefore the sum of them gives the mass
of the junction. For a general placement of the junction point S, this mass will be greater
than the BPS bound. This bound - which equals the mass of the BPS three-pronged string
- is easy to find: the sum of the absolute values of the three complex numbers is greater
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then the absolute value of the sum,
m > JM(d)I, (4.27)
and is minimal, when they are parallel on the complex plane, and exactly in this case the
total mass becomes:
mgeodjunction -A4 (d) . (4.28)
In [16] we pointed out a geometrical interpretation of this result: in the coordinate w()(Z) -
fz h(p), the junction can be represented as a broken line segment between P and P2. This
crosses the image of the P3-cut, which shows up as an excised region on the w-plane. Eq.
(4.25) shows that the length of the P3-prong equals the line segment inside the excised region
and it is clear that the total length is minimal when the three parts of this broken segment
are parallel, which is equivalent to the above result. Also, in the vicinity of the junction
point S the fact that the three complex numbers in (4.26) have equal argument translates
to the balance of forces [14].
Now we calculate the slope at P1 , similarly to the previous cases. We find that
w(S) - w(P 1) f h(P)dzslope, = Arg =(P) Arg = )
h(P1) (h (P1)
= Arg (M(d) = Arg (M( ) (4.29)
~h(P1) ()
The calculation can be repeated for the other two endpoints.
We have learned that the four quantities M(a), M(b), M( ) and M(d) whose role is to define
the mass of the BPS state in a certain regime of the moduli space, are equal, independent of
the position of the branes. This shows that the mass of a BPS state is defined unambiguously,
no matter which of the four integrals is used and is independent of the actual graph which
represents the BPS state. Moreover, whichever graph is realized as a geodesic object, its
slopes at the endpoints are given in terms of the quantity M(a) and h(P) which depend only
on the brane configuration.
Now it follows that there is no 7-brane configuration where two of these equivalent graphs
would simultaneously be realized as BPS states. To see this recall that a geodesic curve
is fully determined by one of its points and the slope at that point. Take for example the
two strings of Fig. 4-15(a) and (b), these have a common endpoint at P1. If the two strings
were both BPS, their slope at P would be equal which would imply that the two geodesics
are identical. In other words, the slope at P is given in terms of the metric and the string
"decides" which other brane it wants to end on. Let us now turn to Fig. 4-15(d) and compare
55
it to one of the open strings, say (a). They have two common endpoints on the A-branes,
where the initial slopes are determined. One can construct both of the entire geodesics based
on the initial data. It is now clear that they either coincide and give rise to the open string
or intersect each other at an angle, which leads to the three-pronged network but can not
do both; thus there may not be any configuration when both a string and a junction is BPS.
This is again clear from the geometrical interpretation[16]: the line segment between two
branes on the w-plane either avoids or crosses the excised region of the cut of the third brane;
in the previous case the BPS object is a string while in the latter case it is a junction.
4.3.2 General properties of equivalent graphs
In this section we would like to outline those lessons from the case of three 7-branes which
generalize to more complicated graphs. We will not present a rigorous general proof for the
existence and uniqueness of the BPS representative of equivalence classes, but we believe and
our experience shows that these properties are sufficient to analyze concrete configurations.
The main result of the previous section was that we found certain relevant quantities which
characterize an equivalence class of the networks and depend only on the details of the back-
ground but not on the particular representative. We assigned a complex number, M to an
open string and observed that it was not changed as we performed crossing transformations.
We emphasize that this does not mean that M is invariant as we move the the 7-branes and
the BPS object changes its shape, but rather that at a given point in the moduli space one
can determine this number without knowing the representative of the equivalent networks
to which it belongs. The central idea - that M does not change when a crossing transfor-
mation is made - is based on the observation that the integral over the prong which was
created (removed) equals an integral over the string that surrounds the brane, see eq.(4.25).
Note also that the statement is not restricted to the cases when a single prong is created as
e = ps - qr could be any integer. This holds independently of the particular background
and the network that this prong is part of; thus we conclude that M is a parameter of
equivalence classes of string networks and the mass of the BPS representative of the given
class is:
mBPS = (4.30)
We also discussed the slopes of the strings in a network and found that at any endpoint
the slope of the string is independent of the representative. What we showed was that the
slope can be calculated in terms of M and thus is invariant under crossing transformation.
According to the previous paragraph, this is again a general result, moreover nothing relied
on that the point where we calculate the slope is the endpoint of a string, thus we arrive at
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the following conclusion. The slope of a (P)-string at point z on the x 8x 9-plane, in a BPS
network which belongs to the equivalence class characterized by M is:
slope(P)(z) = Arg (4.31)
q ~h(p )(Z)
In the following section we will show how these results can be applied to concrete situations.
4.3.3 An example with four 7-branes
In section 4.3.1 we asked what happens when a mutually nonperturbative 7-brane appears
in the vicinity of two D-branes, where these two alone would correspond to a spontaneously
broken SU(2)-theory. In the 7+1 dimensional worldvolume of the three 7-branes it is still an
SU(2) gauge theory, however the W-boson is no longer simply an open string between the
two [1,0] branes, rather - depending on where we are in the moduli space - it is represented
by one of four equivalent graphs.
If we add more branes, we may get other gauge groups and the interesting SO(8) and
exceptional symmetries can be realized. When we consider these theories with more and more
7-branes, both the number of equivalence classes and the number of equivalent graphs in a
given class increase dramatically. [17] gives a systematic approach to finding the equivalent
networks and also provides the classification of equivalence classes in terms of representations
of the underlying gauge symmetry. Enumerating the equivalent graphs for many 7-branes
is complicated and we will see that the vicinity of four branes already gives a great deal of
insight into the problem.
The particular setup that we shall now investigate is that of Fig. 3-2(a) which corresponds to
a resolution of a singularity possessing the SU(3) gauge group. This corresponds to a fiber of
type IV in the elliptic fibration. The simplest representatives of the W-bosons corresponding
to the positive roots are shown in Fig. 4-20(a), (b) and (c). The filled circles stand for [1,0]-
(a) (b) (C)
Figure 4-20: The three inequivalent strings that are in one-to-one correspondence with the
positive roots of SU(3).
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branes and the empty squares for [1,1]-branes. We shall study the state
which a family of equivalent junctions is shown in Fig. 4-21.
(a)
(c)
6
(g)
(d)
6
(e)
64 4
(h)
6
(i)
of Fig. 4-20(a), for
(j)
I I I
I I I I
I I I I
4 4
(k)
I I
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(1)
Figure 4-21: Twelve equivalent graphs in the vicinity of four 7-branes.
As we can see, six equivalent strings are listed together with four different three-pronged
junctions and two four-pronged ones, the latter differing from each other by a channel-
transition. The charges for any of the open strings can be read off from the branes and are
determined for the other objects by noting that they are related by crossing-transformations.
The graphs of Fig. 4-21 - when realized as BPS networks - correspond to a particular W-
boson of the SU(3)-model. The consistency of the low energy theory requires that there
be a unique representative of this state. We shall now demonstrate - using the arguments
of section 4.3.2 - that this is the case. Since we do not have a general proof in hand, we
do this by pairwise comparison of the members of this class; that is we show that no two
graphs may be realized simultaneously as the BPS state. First, recall that at a given point
in the moduli space the complex number M is a parameter of the whole class and also that
whichever network is realized, the slope of a string at a given point z is determined by its
charges and M.
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First of all, none of the four-pronged networks, (a) and (b) may "coexist" with any of the
other graphs: if say (a) and (e) were both BPS, that would be in conflict with the fact that
the slopes of the three prongs ending on the three leftmost brane (which are given in terms
of M) determine the whole graph of (e) and there is no fourth prong. (This is analogous to
the argument in sec. 4.3.1 about the graphs of Fig. 4-15(a) and (d)). Notice also that there
are groups of graphs where one of the four branes has no prong on it, like (c)-(g)-(j)-(l), (d)-
(h)-(k)-(l), (e)-(g)-(h)-(j) and (f)-(i)-(j)-(k). For these the arguments of sec. 4.3.1 regarding
the absence of simultaneous BPS junctions can be repeated without modification, because
they did not depend on how the nearby 7-branes affect the metric. (One should not worry
about their cut either as it can be transformed away by an SL(2,Z)-transformation [16].)
Now consider any two of the six open strings of (g)-(l) and notice that they necessarily have
a common point where both have the same charges. At this point on the z-plane, the slope
of the string is given in terms of M which can not give rise to two different geodesics. What
about the pairs like (e) and (j), a three-pronged network and a string with one common
endpoint? The string is certainly determined in terms of its slope on the common brane but
it is not clear that the three-pronged junction cannot be simultaneously BPS with one of its
prongs on top of the (j)-string as in Fig. 4-22.
s2
(0)
(0) o ( /
Figure 4-22: Comparing the equivalent string of Fig. 4-21 (j) and three-pronged network (e)
on the z-plane.
Note that at the intersection point Y, the slope argument does not work, since the charges
of the two objects are different. However, the two networks can not both be BPS between S
and X as follows from the following simple argument. Consider the (') and any (P) strings
in a similar configuration depicted in Fig. 4-23. If the (1) and (P) geodesics intersect at two
points, one of the angles, #i at the intersection points have to fall between 0 and 7r while the
other should be between -F and 27. Supersymmetry is maintained at the two intersection
points if the angles satisfy [14]:
i= Arg(p - q(zi)), or
i= Arg(p - q(zi)), (4.32)
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0)
Figure 4-23: Two strings whose charges are different intersecting twice. This configuration
can never be BPS as follows from the condition of the angles.
which however would imply that ImT is positive at one of the intersection points and negative
at the other, but the latter is not possible. Having ruled out this last possibility we conclude
that the BPS representative of the equivalence class in Fig. 4-21 is unique.
The above analysis can be repeated without difficulty for the other two equivalence classes
of Fig. 4-20(b) and (c).
4.3.4 Invariant charges and construction of the BPS network
To find the entire trajectory of a BPS string it is enough to determine a point of a curve
with the slope at that point. Starting from that point one can follow the geodesic path until
the 7-brane where the string ends is hit. The argument in connection with Fig. 4-22 suggests
a more general feature: it seems that the general network can be constructed similarly from
the same data, even when it is more complicated than a string. We did not prove this
conjecture in general but will now present the idea of this explicit construction, which has
been applicable to every concrete case we studied.
To understand the construction we need to know the concept of invariant charges assigned
to the 7-branes. This is explained in detail in [17], we summarize here the main points only.
Given a 7-brane background and a graph, we can assign to every brane an integer which is
expressed in terms of the number of prongs ending on that brane and the number of prongs
crossing its branch cut. The definition of this invariant charge is such that it does not change
in crossing transformations and thus corresponds to the equivalence class of the networks
and not the particular graph.
Let us return to the simplest case of the configuration with three branes and take the
equivalence class of Fig. 4-15. The invariant charges of the leftmost, middle and rightmost
branes are +1, 0 and -1, respectively when the orientation of (')-string points from the left
to the right. Let us assume that our BPS object starts on the leftmost brane and try to
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construct it. The slope at the initial point is given so we simply have to follow the (1)-
geodesic on the z-plane. Now there are two possibilities: this geodesic either crosses the cut
of the middle brane or it does not. In the latter case it simply hits the rightmost brane and
we are done. (It cannot miss it as follows from (4.18) and (4.19).)
(a) (b) (c)
Figure 4-24: Construction of the BPS indirect string. (a) The geodesic string hits the branch
cut of the [1,1]-brane. (b) To restore the invariant charge of the [1,1]-brane a prong is started
with the given initial slope. (c) Because the string crossed the branch cut of the rightmost
brane, no prong should end on that brane to preserve its invariant charge. The geodesics of
the leftmost and middle brane meet smoothly.
s' s
(a) (b) (c)
Figure 4-25: Construction of the BPS junction. (a) The geodesic string hits the branch cut
of the [1,1]-brane. (b) To restore the invariant charge of the [1,1]-brane a prong is started
with the given initial slope which meets the previous geodesic at the junction point. (c) The
initial slope of the third prong determines the third geodesic ending on the rightmost brane.
However, if the geodesic crosses that cut then the invariant charge of the middle brane is
temporarily changed which we should compensate by starting a prong (with the slope given
in terms of M) from the brane. This new prong again runs along its geodesic which we can
follow until it meets our first prong. Now there are again two possibilities: they may meet
smoothly such that they together form a geodesic and we end up with Fig. 4-21(b). Note
that in this case the charges work out only if the cut of the rightmost brane is crossed, when
we meet that cut with either geodesic, we change the invariant charge of the rightmost brane
which is compensated by erasing its prong, see Fig. 4-24. If the two geodesics meet under
an angle at a point S, then a third geodesic should be started with the proper charges and
slope from the junction point which eventually hits the third brane, see Fig. 4-25. Note that
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it is guaranteed by supersymmetry that the two geodesics meet under the proper angle to
form the BPS junction.
We used the simplest configuration to illustrate our idea of how an initial point, the slope
of the string at that point and the set of invariant charges determine the whole BPS object.
We believe that the recipe that we gave above similarly determines BPS networks in more
complicated backgrounds.
We learned two important general features about networks: the calculation of the mass of the
network or the slope of a particular string at a given point is independent of the particular
representative and depends only on the background metric and the equivalence class. We
defined a complex parameter, M in terms of the positions of the 7-branes through which
the above dependence can be simply expressed and found in particular that the BPS mass is
m = IM . The determination of the slope of the strings can be used to prove the uniqueness
of the BPS object. We carried out this argument for the equivalence class of 12 graphs
in the vicinity of four 7-branes and although we did not extend this to the general case,
we suggested a procedure for the construction of a BPS object in an arbitrary background
making use of the invariant charges.
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Chapter 5
Algebraic Aspects of 7-brane theories
5.1 String Junctions
Configurations of 7-branes support strings and string junctions stretched in between them.
There exist BPS junctions realizing the adjoint of the 7-brane algebra 9, and in the case of 9
finite they are gauge bosons living on the 7-brane worldvolume theory, as we now review. In
the previous chapters we only considered junctions with all external legs ending on one of the
7-branes of our configuration. In the following it will be useful to generalize to networks with
asymptotic charges, that is we allow for prongs which carry charge away from the 7-brane
configuration. These junctions will play primary role in the D3 theories when we make them
end on the probe D3-brane.
A web or junction of (p, q)-strings is charged under the u(1) gauge field of a given [p,q]
7-brane X if the associated invariant charge Qx defined in [17] is non-vanishing:
Qx =n+- n- + b rk (5.1)
k=1 Sk q
This charge combines the contribution from crossing the cut of X (b times as an (" )-string)
and the contribution of string prongs emanating from X: (n+ - n-) in a way that is invariant
under Hanany-Witten transformations. Geometrically, it is the linking number of the 7-brane
and the junction [15].
The algebraic properties of a given string junction are entirely specified by the set of invariant
charges {Qxi}, where Xi, i = 1 ... n, are the set of 7-branes. From now on we shall refer to
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an equivalence class of junctions simply as a junction, and denote it as J. Thus the space of
junctions is a lattice of dimension equal to the number of branes, with a junction J expressed
as
n
J= Qxi xi Q, x,1 , (5.2)
where p indexes the branes and the "basis strings" x/, can be thought of as a basis of string
prongs leaving each brane.
The lattice of junction is equipped with an inner product which will be the main tool in
our later investigations. Its origin can be understood in geometric terms from the various
duality conjectures. In the M-theory picture of the 7-brane setup, BPS junctions are viewed
as M2-branes wrapped on holomorphic 2-cycles of an elliptically fibered K3. A junction
supported only on the 7-branes has zero asymptotic charge; it corresponds to a 2-cycle
without a boundary and defines an element of the second homology group of the K3. The
BPS representative of an equivalence class is the holomorphic cycle in that homology class.
The lattice property of junctions is consistent with the abelian nature of the homology group.
As a result, the lattice of junctions inherits an inner product (J, J') from the intersection of
the corresponding 2-cycles. The corresponding definition in the IIB theory consists of the
following rules. We declare the self-intersection of any basis string s to be minus one,
(s, s) = -1, (5.3)
and the contribution of a junction point to the self-intersection of a network to be
APi i+1 (5.4)
qi qi+ 1
Here we considered a junction point defined as the joining of (Pi)-strings with i = 1, 2, 3 and
all the strings ingoing and the label i increases (cyclically) as we go around the junction
in the counterclockwise direction. These two rules uniquely define a bilinear form on the
junction lattice [17].
As we will show in the next section, junctions furnish representations of the Lie algebra
associated with the 7-brane configuration. Therefore we can also specify junctions with a
Lie algebra weight vector A = a. w', and asymptotic charges p, q:
J = az + p wP + q w, (5.5)
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where the Wi are n - 2 junctions of zero asymptotic charge representing the weights of the
algebra, and wP and Wq are Lie algebra singlets with asymptotic charges (1, 0) and (0, 1)
respectively. The ai and p, q are linear combinations of the Qxi. A detailed explanation can
be found in [17]
In a few cases, the Lie algebra is not semisimple, but consists of a semisimple part of rank
r and a number of u(1) factors. In this case the (n - 2) Dynkin labels are replaced by r
Dynkin labels and ((n - 2) - r) u(1) charges in a generalized weight vector. For simplicity of
notation, we denote all these charges by ai. The asymptotic charges p and q, however, are not
considered u(1) charges. The wZ associated to u(1) charges will not have any relation to Lie
algebraic fundamental weights, but will just be some basis junctions with zero asymptotic
charge.
Note that Wi, , LW are "improper" junctions, meaning they have non-integral Qxi; a phys-
ical junction must combine them in such a way as to be proper, which places constraints on
the asymptotic charges depending on the conjugacy class of A, as discussed in [17]. Junctions
with zero asymptotic charge begin and end on the 7-branes, while those with nonzero (p, q)
carry charge away from the configuration, perhaps to a probe 3-brane or some other set of
7-branes. The junctions with zero asymptotic charge represent the root vectors of the Lie
algebra.
For an arbitrary junction J on a 7-brane configuration with associated finite algebra g
characterized by a weight vector A and asymptotic charges (p, q), the self-intersection is [17]:
(J, J) = -A -A + f (p, q). (5.6)
The first term is an inner product on the weight vector, A - A = ai AZi aj, where AZi =
- Lo ). When the associated algebra is semisimple, AZi is the inverse Cartan matrix,
since the wZ are chosen to be dual to the simple roots cf, and thus A -A is just the usual Lie
algebra inner product. When the algebra contains u(1) factors, AZi is not an inverse Cartan
matrix, and its elements must be determined explicitly by the intersection of junctions.
In the second term, f(p, q) is a binary quadratic form in the asymptotic charges given by
f (p, q) - p2 (w , P) + 2pq (wP, wL) + q2 (wqWq) . (5.7)
The singlets wP and Wq can be represented as a loop around the 7-branes with an asymptotic
string, and f(p, q) can be derived completely from the monodromy, as we explain shortly.
First, we discuss the way the string junctions induce the Lie algebra g on the 7-branes.
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5.2 The algebra of junctions
In the Chan-Paton construction of gauge interactions one assigns to every open string S a
generator and identifies the structure constants of the Lie algebra as fss2s, = ±1 when the
strings S1 and S 2 can be joined to form 83. We now discuss how to generalize this picture
when we have string junctions, and how algebras arise on 7-branes. We will begin with the
generic situation, where we are only able to make general comments, and then specialize
to more familiar cases, where the connection of junctions with Lie algebras will be more
explicit.
The key condition on BPS junctions is that they correspond to homology cycles that have
holomorphic representatives. If the junctions stretch between 7-branes and thus have no
boundaries, a holomorphic representative exists whenever [21, 22]
j2 =(J, J) > -2. (5.8)
For any nonzero proper junction (homology class) we introduce a root space gj. Whenever
we deal with finite algebras the number of roots in each root space is one and we introduce
a generator Ej associated to the root space. In general algebras, however, there can be a
number of different roots in a given root space, corresponding to a nontrivial root multiplicity,
and we must then introduce generators E', with i = 1, -- -m(J) for each root space. The
number m(J) is the dimension of gj. The various roots arise from the same homology class
and therefore they are indistinguishable as junctions. Note that for a nonzero J satisfying
(5.8), the junction (-J) is also a solution, so the root spaces gj and gj come in pairs.
Moreover, associated to the zero junction, we have a set of Cartan generators spanning a
space h.
Let us now consider combining junctions. Given two junctions J1 and J 2 with Ji + J 2 $ 0
and J1 + J2 satisfying (5.8), the sum junction can also be realized as a holomorphic surface
and has an associated root space. We then expect the Lie algebra bracket to relate root
spaces in the usual way. Therefore, for J 1 + J2 7 0 we get
[gJ 1 , gJ 2] C gJlJ 2 , when (J 1 + J 2)2 > -2
[gJ 1 , gJ2] = 0 , when (J1 + J2 )2 < -2. (5.9)
In addition, we also have
[gj, g-j] C h. (5.10)
Without further information one cannot list the generators, nor give structure constants and
verify Jacobi identities.
For many (but not all) of the algebras appearing on 7-branes one can find on the lattice
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of junctions with zero asymptotic charges a basis of simple root junctions, {ai}, i = 1 ... r.
These satisfy (ai, ac) = -2 (no sum), and have the property that their intersection matrix
defines (minus) a generalized Cartan matrix (see [23]). The Chevalley-Serre construction
reproduces an algebra 9 entirely from its Cartan matrix, and there is an exact parallel in
the framework of junctions.
If n > 0 copies of the simple root junction ai can be added to the simple root junction a
to obtain a junction that can be realized holomorphically, we must have:
(n ai + aj, n ai + aj) = -2n2 + 2n(ai, aj) - 2 > -2. (5.11)
This equation yields
n < (at, aj) = -Ai , (5.12)
and it therefore follows that
n = I - Aij ;> 1 , (5.13)
is the lowest value of n for which the resulting junction n ai + a3 cannot be BPS, and
therefore is not to generate a root space. On the Lie algebra side we have the corresponding
Serre relation
(ad E 0 i)l-Ai Eaj = 0 , (5.14)
which states that (1 - Aij)ai + aj is not a root. In the Chevalley-Serre construction a Lie
algebra is completely specified by the commutation relations of the simple root generators
E±, and the Cartan generators, together with the Serre relations. This shows that up to the
identification of zero junctions for Cartan generators, as well as the explicit calculation of
root multiplicities, we have realized the algebra 9 by generators associated to zero asymp-
totic charge junctions on the brane configuration realizing the Cartan matrix of g in its
intersection form. A junction with asymptotic charge will fall into a representation of 9
and so will be characterized by an appropriate weight vector A.
Finite Lie algebras have all root multiplicities equal to one. In fact for all configurations
realizing ADE algebras, BPS junctions with zero asymptotic charge satisfy J2 = -2. For
each junction there is a single root, and thus a single root generator Ej. We then have
[Ej 1, EJ2 1 = ±Ejl+j2  when (J 1 + J 2 )2 = -2,
[Ej1 , Ej2] = 0 when (J1 + J 2 )2 < -2, (5.15)
[Ei, E_i] c h.
In case of mutually local branes all junctions are necessarily open strings and (5.15) repro-
duces the usual Chan-Paton interaction. In the general ADE case the junctions represent
the generators of G in the Chevalley basis, in which all the structure constants are ±1. This
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completes our discussion of the identification of junctions with Lie algebra generators.
5.3 The monodromy and the asymptotic charge form
We now show how the monodromy determines the asymptotic charge form f (p, q) uniquely.
Consider a junction J with asymptotic charge z = (P), associated to some 7-brane configu-
ration with monodromy K and Lie algebra g . Let J be a singlet of G , so A = 0. It can be
realized as a string !, crossing the branch cut to become a KY string, then joining itself to
become an asymptotic z-string, where z = KY - Y, as in Fig. 5-1.
Z
z @ K z-
K
Figure 5-1: A singlet junction as a loop with an asymptotic string of charge z.
Every junction that does not intersect the simple roots can be represented like this, since
the roots begin and end on the branes and so lie within the loop, never crossing it. Since
the ai vanish, J is a linear combination of wP and Wq, as in (5.5). Rules for computing the
self-intersection of general junctions were discussed in [17]. In this case, the only contribution
comes from the point where the asymptotic string joins the loop, and is given in terms of
the charges of the string segments by (J, J) = z x Y, or explicitly
(J, J) = z x Z = -zTS(K - 1) -z , (5.16)
which by (5.6) will be the charge quadratic form fK(z). Defining t = Tr K and making use
of det (K - 1) = 2 - t and tl = K + K-, we find:
1 1
fK (Z) = zTSKz = - QK (p, q). (5.17)2-t 2-t
Another useful expression for the charge quadratic form which can be derived from (2.20) is
1fK(z) = 1 + {Tr(KzK) - 2}. (5.18)2 - t
68
This result indicates that the charge quadratic form fK(z) is determined completely by the
SL(2, Z) monodromy matrix of the brane configuration. More explicitly we can write
K= ( -+ QK(p,q)=-cp2 +(a-d)pq+bq2 . (5.19)
This map from SL(2, Z) to binary quadratic forms is well known in mathematics (see for
example [24]). Let us take a moment to explore its properties, as it will turn out to be very
useful. The map associates SL(2, Z) matrices of trace t to quadratic forms of discriminant
t2 - 4, and turns out to be one-to-one and invertible. The inverse map associates to the
quadratic form Q(p, q) = A p2 + B pq + C q2 the SL(2, Z) matrix of trace t [24]
t+B 
_C
K(Q) = 2 11 , (5.20)
-(A 2-B
with discriminant B 2 - 4AC = t2 - 4, and since t + B - 0 (mod 2) the entries are integral.
This map is natural since the fixed points x of K acting on the upper half plane coincide
with the zeroes of QK(X, 1):
ax + b d b-
x+b= x --> -x2 + (a - d)x + b = 0. (5.21)
cx + d
Moreover, the relation (5.19) establishes a one-to-one correspondence between SL(2, Z) con-
jugacy classes of trace t and equivalence classes of quadratic forms of discriminant t2 - 4. In
other words two SL(2, Z) matrices of trace t are conjugate in SL(2, Z) if and only if the asso-
ciated quadratic forms are equivalent (i.e. Q ~ Q' if Q'(z) = Q(gz) for some g E SL(2, Z)).
Indeed, we have
K' = gKg- 1  QK'(Z) = QK(g 1 Z). (5.22)
Let us prove this. By explicit substitution the direction => is straightforward. To see the
opposite, consider K and K' satisfying QK'(Z) = QK(g Z) for any z:
ZT g9T-lSKg-lz = ZTSKZ, (5.23)
implying
SgKg-' = SK + inS, (5.24)
for some m, where we used Sg = (gT)-IS. Multiplying (5.24) by S and taking the trace of
both sides yields m = 0, proving (5.22). This should not surprise us, since our construction
of fK(p, q) was manifestly SL(2, Z)-covariant.
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We have shown that the monodromy K entirely determines the asymptotic charge form
f (p, q), and additionally one can show that from f(p, q) one can uniquely recover K. We see
that the problem of enumerating the conjugacy classes of SL(2, Z), which in turn determine
the possible algebras realized on 7-branes, is equivalent to that of classifying inequivalent
quadratic forms. We shall come back to this point later.
5.4 On the volume of the junction lattice
In this section we prove two equations relating the determinant of the metric on the lattice
of junctions and that on the lattice of junctions with zero asymptotic charges to the trace of
the overall monodromy.
5.4.1 Trace-Determinant relation #1
We first compute the determinant of the total intersection matrix (defined in [17]), which is
the metric on the space of junctions. Thus we are interested in:
1 a 12 ... ain
11
ai= - (zi x z) = 2(piq- qipj).22
Consider the 7-brane configuration with charges {zi (q1), ... , z = (7 )}. We claim that
the following relation holds between detA and the trace of the overall monodromy:
detA = !Tr K + 1 (5.26)
Both sides of (5.26) are functions of the (p, q)-charges and are explicitly given, thus we need
to prove an algebraic identity. In particular Tr K can be expressed in terms of p. and qi
using (2.25):
Tr K = 2 + (zix zi 2 )(zi 2 xzi) + .. . + E (zixzi2 ). .. (zi~xzi).
il<i2 il<...<in
(5.27)
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detA =
... a2na 12 1
aln a2n 1
(5.25)
The proof of (5.26) goes as follows. Notice that both the lhs and the rhs is a quadratic
polynomial in each qi for any fixed values of the pi's. As a consequence it is sufficient to
verify (5.26) at three distinct values of qi for each i (i.e. at 3" points) while keeping the pi's
arbitrary. The natural choice for these points is -1, 0 and 1; in other words we should verify
(5.26) for brane configurations {z1= 'Zn (P )} where the q-charge of each brane
is -1,0 or 1 (but one has to include (P) branes for IpI > 1 as well). The (_c) branes can
be turned into (-P)-branes and the (P)-branes can be moved to the left of the configuration
by pulling all the other branes through their branch cut; note that this transformation does
not change their q-charge which remains 1. Therefore to show that (5.26) is true in general,
it is sufficient to prove its validity for brane configurations of the form
{z1= ,p) ... , )z= , zk+1= (+1 , ... ,7 Zn= } (5.28)
As the next step, we calculate detA for the above configuration. Let us expand the deter-
minant as follows:
detA = 1+ E det 2 (zijzi2 ) +...+ detm(zii ... zi) (5.29)
il <i2 ii <...<im
0 a12  a1 3  ... aim
a 12  0 a 2 3  ... a2m
detm(zi ... zm) a 13  a2 3  0 ... a3m , (5.30)
aim a2m a3m ... 0
where we collected the terms containing m factors from the diagonal. We want to compute
detm for the configuration (5.28), in which case
0 if i, j < k
-2aij pi if i < k;j > k (5.31)
pi -dpe if i, j > k.
When k ;> 2, the first two lines of detm are proportional and the determinant is zero. Let
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us consider the case k = 0, first. Elementary operations on the determinant give:
a 12 a 13
a 21 a 21
a 2 3 a 32
... aim
... a21
... a32
... amm-1
0
a 12
a 12  a13
0 0
a 23  2a 23
an-1n 2an-1n
0
0 1.0
... 2an-in 0
To obtain the first form we subtracted the m - 1th row from the mth, then the m - 2th
from the m - Ith ... and finally the 1st from the 2nd. Then we obtained the rhs by adding
the 1st column to all the others. The final form yields:
1detm(zi ... zm) = (-)m2m- 2(a12a23 .. . ami) = -(zx z 2 ) . . . (ZmX Zi).4 (5.32)
When k > 1, (5.32) is trivially satisfied.
has vanishing q-charge, the others have
yield:
0
Pi
Pi Pi Pi ... Pi
0 a2 3 a2 4 ... a2m
pi a2 3 0 a 3 4 ... a3m
pi a 24 a 34  0
p, a2m a3m a4m
... a3m
0
which after expanding the
column yields again (5.32).
(5.26).
Now
qi =
0
consider k = 1, i.e. when the leftmost brane
1. Manipulations similar to the k = 0 case
Pi Pi Pi
Pi 0
0
0
a 23 a 24
a 2 3  0
a 34 2a 34
0
0
0 an-in 2an-in 2an-in
determinant with respect
Comparing (5.32), (5.29)
... Pi
... a2,
0
0
0
, (5.33)
to the first column and then the last
and (5.27) proves the claimed equality
5.4.2 Trace-Determinant relation #2
Consider the lattice of junctions A supported by a 7-brane configuration consisting of n
branes. Let us set one of the branes to be a [1, 0]-brane by an SL(2, Z)-transformation,
then the smallest values of asymptotic charges, IpI and JqJ are 1 and f, respectively (see the
next section for the precise definition of f). The junction lattice is n-dimensional, the metric
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0
a 12
a 2 3detm -
am-m am-lm am-im
... ain
in the particular basis furnished by open strings supported on a single 7-brane is given by
(5.25) and the volume of the unit cell of A (which is of course basis-independent) is /detA .
We are interested in the r = n-2 dimensional sub-lattice AO C A which is generated by
junctions of zero asymptotic charges and want to compute the volume of its unit cell. To
this end, consider the following basis on A:
A = {ai}l_= U {ap, aq}, (5.34)
where {ai}'_ is a basis on AO while ap and aq correspond to junctions carrying asymptotic
charges (') and (4), respectively. (Such a basis exists since any basis of a sublattice can be
completed to the full lattice. First introduce ap extending the basis on AO to a basis on the
lattice of junctions with zero q-charge, and then define aq to complete the basis on A.)
Notice that a, and aq can be expressed as ap = LP + &, aq = fwq + qwhere wP and wq
as well as d, and &q are in general improper junctions, i.e. lattice vectors with fractional
coefficients. As &P and &q lie in the sublattice AO, they can be expressed as:
r r
ap - ciai; 9q= dia . (5.35)
i=1 i=1
The volume of the unit cell of A in this basis can be computed from the determinant:
-(a1, ai) ...- (ai, ar) -(al, ap) -(al, aq)
detA = -(a,,ai) . . . -(ar,ar) -(ar,ap) -(ar,aq) . (5.36)
-(ap, al) . (ap, ar) -(ap, ap) -(ap, aq)
-(ap, al) . (ap, ar) -(Ceqap) -(aq, aq)
To evaluate, let us add the linear combination - ErI ci - rowi of the first r rows to the
- ith and - EI di - rowi to the nth and repeat it similarly with the columns. Using
(ai, WP) = (ao, wP) = 0 and (5.35), we obtain
-(ai,ai) . . -(a,7ar) 0 0
detA -(ar,al) ... -(ar,ar) 0 0 . (5.37)
0 ... 0 (LP, Lp) -(wP, w)
0 ... 0 
-(w, owP) -(&0, fLq)
73
The 2-by-2 minor is straightforward to compute (K (,), K - IL is nonsingular):
-(LopP, ) -(Lop w) C d-a 2 + T K
detA q_= 2-a-d 2(2-a-d) - (5.38)
-(Lq, WP) -(oq, wq) d-a -b 4(2 - Tr K)'
2(2-a-d) 2-a-d
and using the formula detA = f 2detA pq detA o, we can determine the volume of the unit
cell of A0 by substituting (5.38) and (5.26). Finally we obtain the following relation between
Tr K and the lattice of junctions with zero asymptotic charges:
f2 detA o 2 - Tr K (5.39)
The above argument relies on the existence of wP and Wq and therefore fails if the matrix
K - 1 is not invertible. This happens when Tr K = 2 which is precisely the condition for
that the overall monodromy has an eigenvector (P), with eigenvalue 1; meaning that a (P)
string can wind around the 7-branes. To treat these configurations we have to distinguish
two cases. First, when the configuration contains mutually nonlocal 7-branes, the (P)-loop
is a nontrivial junction whose intersection with any elements of A0 is zero. One can then
choose this junction as one of the basis elements and find that detA o = 0, that is (5.26) is
still satisfied. In case of a configuration consisting of n mutually local branes the (P)-loop is
trivial. Our argument has to be modified because the sublattice A - A0 is one-dimensional.
The main idea is however the same and the modification of the steps leading to (5.26) yield
1 detA
K = (l-) -+ detA ,=- - detA 0 = detA n. (5.40)0 1 n detA p
Note that in this case = 1 necessarily.
5.5 The monodromy and the determinant of A(9)
In this section, we shall see how the determinant of the Cartan matrix of a semisimple algebra
g arising on 7-branes is related to the trace of the monodromy matrix K. In the process,
we shall introduce an integer f(G) which parameterizes the possible asymptotic charges of
junctions that can be supported on the configuration G. It appears in the determinant-trace
relation, and also plays a key role in classification.
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The self-intersection of a junction J is given by (5.6). Although this quantity is always an
integer, the two terms -A -A and f(p, q) individually need not be. The requirement that they
sum to an integer is an expression of the conjugacy restrictions on junctions, which restrict
the possible asymptotic charges depending on the conjugacy class of the weight vector A.
This results because A -A = ai Ai a3 is given in terms of the Dynkin labels ai and the inverse
Cartan matrix A2i. Linear algebra tells us AZi is generically not integral, but instead is an
integral matrix divided by det(A). This is the Lie algebraic origin of the conjugacy classes
of G , which are det(A) in number.
Note that when G contains Abelian factors, we cannot span the uncharged junction lattice
with simple root junctions. It is still possible, however, to extend the simple roots of the
semisimple subalgebra with a set of proper junctions of zero asymptotic charge to obtain
a complete basis. These additional basis junctions will satisfy J2 < -2, and thus cannot
be BPS. (The associated u(1) charges do appear on BPS junctions, but only on those with
nonzero asymptotic charge.) In this case the intersection matrix A cannot be thought of as a
Cartan matrix. The weight vector A includes the u(1) charges as well as semisimple Dynkin
labels, as discussed in the introduction to this section. Then A and A still determine the
contributions of the Lie algebraic properties of a junction to intersection, and the arguments
given below still hold.
As was explained in sec. 5.2, the brane configuration G realizes a Lie algebra G whose root
lattice is identified with the lattice of junctions with no asymptotic charges. The metric
is given by (5.17) defining the Cartan matrix, whose determinant equals the volume of the
unit cell of the root lattice of G . In the previous section we showed that the volume of the
unit cell of the full junction lattice is determined purely by the overall monodromy of the
configuration:
1 1
detA = -t + - (5.41)4 2
where A is the metric on the junction lattice defined by the intersection bilinear [17. The
volume of the lattice of junctions without asymptotic charges will depend on detA as well
as the volume of the orthogonal sublattice: the junctions with "only asymptotic charges"
generated by singlets (see Fig. 5-1). To characterize the allowed asymptotic charges we
describe the possible constraint on (p, q) in the following SL(2, Z)-invariant way. Given a
brane configuration X 1 ... Xa_1 X,, we define
f = gcd{lzi x zjl for all zi 74 zj}. (5.42)
It is manifest that f is invariant under global SL(2, Z) transformations, and it can be shown
it also does not change when branch cuts are relocated. To see how f describes possible
asymptotic charges, consider a pair of 7-branes. By an overall SL(2, Z) transformation they
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can be taken to be X[1,0] X[r,s]. We find f = s, and indeed the asymptotic q-charge must be
proportional to s.
The volume of the lattice of singlet junctions is seen to depend on Tr K and f and together
with (5.41) determines the volume of the lattice with no asymptotic charges whose metric
we denote A o:
f2 detA o = 2 - t. (5.43)
Because the lattice of junctions with zero asymptotic charges is identified with the root
lattice of the Lie algebra they generate, this relates the determinant of the Cartan matrix A
to the overall monodromy:
f2 detA = 2 - t. (5.44)
As explained before the case of only mutually local branes - for example AN+1 - is exceptional
and one finds instead
detA = N +1, (5.45)
which is indeed the determinant of the AN Cartan matrix.
It is possible for two configurations to have the same number of branes and the same K but
different f(G), in which case the algebras can be different. Although the same monodromy
implies that QK(P, q) is the same for both cases, it may be that the configurations realize a
different subset of all possible values of the asymptotic charges.
Almost all brane configurations can realize all charges. A notable exception is E, = BCC,
for which
-2 -7
K ( , ) (5.46)
and p + q = 0 (mod 2). We have 2 - t = 8 and f(E 1 ) = 2. Since this brane configuration
realizes the algebra A1 , det(A) = 2, and (5.44) is satisfied.
Consider, however, the configuration k 1  AX[2 ,-l]C. As we remarked in the last section,
it has the same K and number of branes as E1 , yet the two are not equivalent. Although
QK(p, q) is the same, E1 supports all asymptotic charges. Now we find f(E1 ) = 1. As a
result 2 - t = det(A) = 8. The algebra thus cannot be A1 . In fact, looking at the branes one
can see that there are no root junctions with J2 = -2 at all, and so g = u(1). Indeed, the
minimal proper uncharged junction has J2 = -8. Since f(E 1 ) f f(E1 ), the corresponding
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algebras in fact are different, despite having K and the number of branes being the same.
We know of no other examples of configurations with the same K but different f(G) (except
the affine extensions of E1 and E 1 . Almost all configurations have f(G) = 1. Adding
an A-brane to either E1 or E1 produces a configuration conjugate to E2  ABCC, as
previously mentioned.
5.6 From Kodaira Singularities to Three Infinite Series
We shall now systematically survey some series of brane configurations realizing various
algebras. The examples of AN, DN and EN Kodaira singularities [25] were studied previously
on the following brane configurations [6, 7]:
AN : AA...A -- AN+1
DN>4 : ANBC (5.47)
E 6 , E7,E8  : A 5BCC, A 6BCC, A7 BCC
HoH1,H2 : AC, AAC, AAAC.
The D 4 , E6 , E7 , E8 correspond to orbifold singularities of the K3, and the H 0 , H 1, H 2 are
the Argyres-Douglas points with associated algebras ! = 0, A1 , A2. These configurations are
"dual" to the EN in the sense that EN and H 8 -N can be realized with the same constant
value of T and together the net monodromy is unity.
These configurations naturally suggest generalizations. The non-collapsible DN COnfigura-
tions with N = 3, 2,1, 0 support algebras D 3 = A3 , D 2 = A1 E A1 , Di = u(1) and Do = 0,
and are backgrounds of a probe D3-brane realization for the Seiberg-Witten theories with
N flavors. Similarly, we can extend EN to ANBCC with N = 1,2,3,4,5, realizing the
algebras E1 = A 1, E2 = A1 E u(1), E3 = A2 E A1 , E 4 = A 4, and E5 = D5 . We have already
seen that E5 - D 5 , and one can also confirm E 4 a H 4 . Continuing the EN series beyond
N = 8 one encounters E9 which gives rise to the affine algebra E9 = E8 [5].
The SL(2, Z) equivalence transformations are also useful in unifying the description of the
D, E, H series which gives hint to further generalization. It is straightforward to check the
following identity:
AN+1C K N+lX[O,_ 1 - ANX[,_1]C , (5.48)
which allows us alternately to describe this series as HN= A NX[o,_1 ]C. On the other hand
we know that the DN series is described by DN = ANX[1,_ 1 ]C . This now suggests a similar
77
possibility for the EN series. Indeed, we noted in (2.29) that
AN-lBCC ! ANX[ 2 ,- 1 ]C, (5.49)
where the conjugation is with the matrix A. This enables us to write another presentation
for the EN series as N = N X[ 2,- 1 ]C.
As we discussed in section 2.1, the EN and EN series are only equivalent for N > 2, while
E 1 and t 1 are not equivalent, as described in the previous section. Note that we are also
able to make sense of 0 = X[2 ,-1 ]C, which like Do and Ho has no algebra associated to it.
The three series of configurations can be uniformly described as:
Sp,N = ANX[,_l]C, (5.50)
with p = 0, 1, 2 for the HN, DN and EN series, respectively. To see how the Lie algebras
arise, we show in Fig. 5-2 the simple root junctions whose intersection form produces the
corresponding Cartan matrix. The trace of the overall monodromy is
Tr K(Sp,N) =2 - (p + 1)2 + (p - 1)N , (5.51)
so that 2 - Tr K(p, N) = (p + 1)2 - (p - 1)N which reproduces the expected relation
to the determinant of the Cartan matrices: det (A(AN)) = N + 1, det (A(DN)) = 4 and
det (A(EN)) = 9 - N. In section 2.5, we found some examples of Sp,o configurations, which
produce the entire series when A-branes are added.
Notice that besides the series of finite A and D algebras, we have constructed EN whose
elements are infinite dimensional Kac-Moody algebras for N > 8. In fact one could go further
by engineering new algebra realizations with p > 2, those Dynkin diagrams are shown in
Fig. 5-2(b) and are usually denoted as Tp+1,2,-1-p. Finally the simple root junctions suggest
how to the realize g = Trr 2,a: the configuration is Ar+r2 X[r_ 1 , 1 ]Cr2-1, the simple roots
are shown in Fig. 5-3(a).
Before concluding this section, we remark on series realizing AN. It can be shown that the
configurations HN are equivalent to HN - N+1C. The algebra is the same as AN = AN+1I
but the additional brane allows the realization of asymptotic q-charge. Adding any other
brane with charges z = [p, qo] to AN also produces a configuration realizing 9 = AN with
(N + 2) branes. These configurations, however, are not all equivalent, for one can calculate
Tr K = 2 - (N + 1)(qo) 2 . This discrepancy can be understood to stem from differing f. It
is easy to see that the asymptotic q charge is constrained q = m q0 for some m E Z, while
p can take any value, and these conditions cannot be carried into one another by SL(2, Z).
Calculating QK(p, q) and substituting the constraint on q, we find that f = q0 . Thus we
would not expect these configurations to be equivalent. Previously we saw how E1 and E1
78
N[1,01 [1,0] [0,-i] [1,1]
N1 N [1,0] [1,0] [1,-1] [1,1]
1
[1,0]
pN [1,0]
NN-3 N-2 N-i
[1,0] [2,-i] [1,1]
' ' 'NN-p+i [
[1,0] [p,-l] [1,1]
(a)
0-- -0- -
1 2 N-1 N
N
0-0- -- N-1
1 2 N-2
N
0-0- - N-i
1 2 N-3
N
0- ..- O-L -...0-0
1 N-p-1 N-1
(b)
Figure 5-2: (a) Brane configuration of the H, D, E and the generalized Sp series. (b) Dynkin
diagrams of the algebras AN, DN, EN and TP+1,2,N-1-p.
1
[1,0]
r, + -2
[1,1][(,0 [p,-11 [1,1]
(a)
1r+ r2+r-2
12r1 r, r + 1r2~
(b)
Figure 5-3: (a) Brane configuration of g = Trir 2 ,r3 . (b) Dynkin diagram of 9 = Trir 2 ,r3 -
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5N
g Brane Configuration K fK(p, q)
AN HN A N+C ( - ) 1 2 + (N + 3)pq - (3 + 2N)q 2 1
HN = ANX[O, 1 ]C ( - 1) I _p 2 + (N + 1)pq - (N + 1)q 2 1
DN DNA NBC (1 N 4) 2
EN EN- N-BCC 2I N - ) 9 1N{p 2 + (3 - N)pq + (2N - 9)q 2}
EN A NX[ 2 ,-l]C ( 3N - 11 )1 N{p 2 + (1 - N)pq + (3N - 11)q 2 1
Table 5.1: Brane configurations, monodromies and the charge quadratic form for AN, DN
and EN algebras. The two series (HN and HN) realizing the AN algebras are equivalent.
The two series (EN and EN) realizing EN are equivalent for N > 2.
have different algebras despite sharing monodromy and brane number, thanks to differing
f; the various AN sequences show how series with the same g and brane number can have
inequivalent monodromies when f is different.
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Chapter 6
D3 theories
In this chapter we would like to use the results presented so far to produce some field
theoretic results, namely the determination of the BPS spectrum of certain 3+1 dimensional
A = 2 supersymmetric Yang-Mills theories. The effective field theory of a D3-brane placed
as a probe in the background of some 7-branes is well-known to be a SYM theory with 8
supercharges and global symmetry determined by the 7-brane configuration. The particle
states of the D3 theory correspond to strings and junctions ending on the D3-brane and the
global symmetry manifests itself by acting on the string junctions connecting the D3 with
(some of the ) 7-branes as discussed in the previous sections.
The theories one is first interested in are the well-investigated Seiberg-Witten models [29, 30]
with N flavors; these correspond to the D3 in the vicinity of a DN singularity. In these cases
independent results exist for the BPS spectrum which we will confirm. Also interesting is
the field theory on the 3-brane in the vicinity of other ADE-singularities; these are non-
Lagrangian field theories and very little is known about them.
6.1 Selection rule based on Self-Intersection
(p, q) strings in Type IIB string theory compactified on a manifold B are holomorphic curves
of F/M theory compactified on a four real dimensional elliptically fibered manifold X with
base B. These curves are formed by taking a geodesic on B and a cycle of the elliptic fiber
above the geodesic. [p, q] 7-branes on the base B correspond to singular fibers of X. A
D3-brane lifts to a regular elliptic fiber FO above its position on B.
In ref.[26], A1=2 SU(2) Seiberg-Witten theory was interpreted as the worldvolume theory of
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a D3-brane in the presence of mutually non-local 7-branes. Charged states in the D3-brane
theory are junctions with legs on 7-branes and ending on the D3-brane with non-vanishing
asymptotic charge. In the F/M theory picture BPS states of charge (p, q) correspond to
holomorphic curves with a (p, q) cycle of F0 as the boundary.
The manifold X is hyper-Kdhler of vanishing first Chern class and therefore has a two-
sphere worth of complex structures [2]. The elliptic fiber F corresponding to the D3-brane
is holomorphic in one of the complex structures. The BPS states are curves holomorphic
in a complex structure orthogonal to that of the elliptic fiber. Thus the space of allowed
complex structures for the curves corresponding to BPS states is a circle.
The self-intersection number of a smooth holomorphic curve J of genus g with b boundary
components in a complex surface X is equal to the degree of the normal bundle of J in X
[27, 2], therefore
#(J - J) = degNj/x = j c1(Nj/x) = (J) = 2g - 2 + b. (6.1)
since the first Chern class of X is zero. In the case of a single D3-brane the boundary of J is
a (p, q) cycle of the elliptic fiber F0 . If p and q are not relatively prime, the greatest common
divisor gcd(p, q) > 1 gives the number b of boundary components (at the D3-brane), this
is necessary for J to be smooth. Consider now the junction J associated to J, which by
construction [28, 17] satisfies (J, J) = #(J - J). Since the genus g is nonnegative, it follows
from (6.1) that
(J, J) - gcd(p, q) > -2. (6.2)
This constraint will be the primary tool in our analysis.
The selection rule of [28] was based on the fact that submanifolds holomorphic in the same
complex structure have positive intersection number. By intersecting the junction shown in
Fig. 6-1 (a) with an (r, 0) string starting at the 7-brane, it was shown that the junction may
only be BPS if -r 2 + mr > 0. We recover this as follows. Imagining that the strings end on
3-branes (to make a well-defined junction) we have at least two boundary components, and
therefore (J, J) > 0. On the other hand, from the rules of [17] we find (J, J) = -r 2 + rm,
thus reproducing the claimed result.
The fact that holomorphic curves intersect positively was also used to select the BPS spec-
trum of A/ = 2 SU(2) pure SW [283. Cycles corresponding to BPS states of different charges
ending on the same D3-brane are holomorphic in different complex structures (Fig. 6-1(b)).
This is the case because, having different charges, the associated junctions must depart the
3-brane in different directions, and thus hit the curve of marginal stability at different points.
This requires identical prongs departing the 7-branes to do so at different angles, a signal
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(n +r) 
.-
(a) (b) (c)
Figure 6-1: (a) A junction with one prong on a 7-brane which may not be supersymmetric for
certain values of the charges. (b) Two BPS junctions of the SW theory are not holomorphic
in the same complex structure. (c) Two junctions made holomorphic in the same complex
structure represent BPS states of two different D3-brane theories.
of different complex structures. The cycles can be made holomorphic in the same complex
structure but in this case they have boundaries on different elliptic fibers of X (Fig. 6-1(c)).
These two curves can be considered BPS states of two different D3-brane worldvolume the-
ories. The spectrum does not change as long as a D3-brane is outside the curve of marginal
stability, therefore if there is a BPS state of charge (p, q) in one theory it must also exist
in the other. It was shown that under the assumption that a state with magnetic charge
one exits, the only states which have positive intersection number with this state are the
ones with magnetic charge ±1 or 0. It is known from semi-classical analysis that in the
weak coupling regime the only BPS states are the dyons with magnetic charge ±1 and the
W-boson. Thus this argument gives exactly the known spectrum if the initial assumption
about the existence of a BPS state of magnetic charge one is correct.
A direct argument based on self-intersection number does not require comparing states of
different theories. Consider the state of charge (QB + QC, QC - QB) in the M = 2 SU(2)
SW theory and represented by a junction J, with QB legs on the B brane and Qc legs on
the C brane. In the notation of [17]
J = QB b + QC C. (6.3)
Using the rules given in [17] we can calculate the self-intersection number.
#(J - J) = (J, J) = -(QB _- Qc) 2 > (6.4)
implying that the magnetic charge (Qc -QB) of a BPS state is either 0 or ±1, thus recovering
the familiar result.
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6.2 Recovering the familiar BPS spectra
This section is devoted to testing the selection rule proposed above by applying it to brane
configurations of familiar field theories with known spectrum. The examples will be the
well known Seiberg-Witten theories [29, 30] with Nf = 0, 1, 2, 3, 4 flavors. The pure K = 2
SYM theory is realized on a D3-brane in the vicinity of two mutually nonlocal 7-branes
with charges [1, 1] and [-1, 1] (B- and C-brane) which stand for the two strong-coupling
singularities on the "u-plane". The theories with quarks are obtained by adding up to four
[1, 0] 7-branes (A-branes). These conventions agree with [16] and differ by an overall SL(2,Z)
transformation by (0) from the one used in [30].
A state in the D3-brane field theory is represented by a junction which ends on the 3-
brane and on some or all of the 7-branes and is characterized by the invariant charges
(Qc, QB, Q1 ... Qjf) of each brane. The self-intersection number and the central charges of
such a state are determined as [17]:
(J, J) = (Qc - QB) 2 + QC B.+Qf) - ((Q) 2+...(QNf)2) (6.5)
(pq) = (Qc + QB + Q+.. .+Q ,QC-QB)- (6.6)
It is straightforward to find all the solutions to (6.2) in terms of the invariant charges. The
complete list of states for the theories with Nf = 1 ... 4 is provided in the following tables.
In the last columns we list the representations of the flavor symmetry algebra, so(2Nf).
(QCQB) Nf= 0I (p, q)]
S(1, 1) (2,0)
(n+1, n) (2n+1 , 1)
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(QcQBQA) Nf=1I (p, q) so(2)
(1,1,0) (2,0) 0
(0, 0,1) (1, 0) 1
(1,1, -1) (1,0) -1
(n+1, n, 0) (2n+ 1, 1) 1/2
(n, n-1, 1) (2n, 1) -1/2
(QC, QB, Q, QQ I) Nf 3 (p, q) so(6)
(1,1, 0, 0, 0) (2,0) 1
(0, 0,1,0,0 ), (0,0,0 ,1,0 ), (0,0 ,0 ,0 ,1) (1, 0) 6
(1,1,-1,,0), (1,1,0,-1,o), (1,1,0,0,-1) (1,0)
(n+1 ,n, 0,, ,0) , (n, n-1 ,1, 1, 0), (n, n-1, 1, 0, 1) , (n, n-1 , 0),1,1) (2n+1 ,1) 4
(n-1,n-2,1,1,1),(nn-1,1,0,0),(n,n-1,o,1,0),(n,n-1,o,o,1) (2n,1) 1
(n, n-2, 1, 1, 1) (2rn+ 1, 2) 1
(OQB I, Q, Q3, Q4) Nf 4 (p )so(8)
(n-m, n-3m, m, m, m, m) (2n, 2m) 1
(ri-r, ri-3m, m, m, rn, m+1), .. .
(n-m , n-3m+i, m, m, m 1) ... (2n+1, 2m) 8,
(n-m, -3m-i , m n,m, mn), . . .
(n-m+, n-3n , m, m, m, m--) .. (2n, 2m+1) 8
(n-m+i, n-3m, m, m, , m), (n-m, n-3m+1 , rn m7 rn,m ) (2r±, 2r+) 8 C
(n-m, n-3m-1, m, m, m+1 , m+i), .. .
For the N1 < 4 tables n is an arbitrary integer, and there is an identical set of states (not
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(Qc, Q B, QA, Q2) Nf = 2 (p, q) so(4)
(1, 1, 0, 0) (2, 0) (1, 1)
(0,0,1,0), (0,0,0,1) (1,0) (2,2)
(1,1,7 -1, 0), (1, 1, 0, -1) (1, 0)
(n+1,n,0,0), (n,n-1,1,1) (2n+1,1) (2,1)
(n, n-1,1, 0), (n, n-1, 0,1) (2n,1) (1,2)
listed) with all invariant charges reversed and all representations conjugated. For N1 = 4 in
the first row, n and m are coprime while in the rest of the table p and q must be coprime;
".. ." stands for obvious permutations of the A-brane invariant charges. The Nf = 4 results
for n, m = 0 were anticipated by [31].
Instead of using the invariant charges, we may also solve directly for the allowed representa-
tions using the results of [17]. Consider the case of so(8) and note that the four conjugacy
classes are identified by (p, q) mod 2. After translating the invariant charges to weight vectors
we obtain (J, J) = -A - A. Then (6.5) becomes:
A -A < 2 - gcd(p,q). (6.7)
This implies that the singlet representation survives with gcd(p, q) = 2 and the 8's with
gcd(p, q) = 1. This is in accord with the fact that there are two null junctions (having
zero intersection with any other junction) of charges (2, 0) and (0, 2) in the so(8) lattice
which, when added to another junction, do not change its weight vector. Therefore if a
representation is allowed, it is present with every (p, q) compatible with its conjugacy class.
Notice that the listings give exactly the weak-coupling spectrum of the Seiberg-Witten the-
ories with N1 < 4. We emphasize that the above table is simply the full set of solutions
to (6.2), no extra assumption about the field theories was made. Thus we find that the
supersymmetric string states which are allowed by our simple selection rule are in one-to-
one correspondence with the states of the spectrum of both the N1 = 0 ... 3 [30, 32] and
the Nf = 4 [30, 33] models. This result tempts us to leave the area of models with known
spectrum and propose (6.2) as a tool to investigate those field theories which we have little
information about. This is what we shall do in the next section.
6.3 Larger flavor symmetries and decoupling
Configurations of parallel seven-branes can produce any Lie algebra of ADE type. We
consider here the worldvolume theory on a three-brane in the presence of D,;>5 and E6 , E7 ,
E8 backgrounds, and constrain the BPS spectra of these theories using the self-intersection
criterion. In terms of its associated Lie algebra weight vector A and charges (p, q), the
self-intersection of a junction J can be written [17]
(J, J)= -A - + f (p, q) > -2 + gcd(p, q). (6.8)
where f(p, q) is a quadratic form of definite sign given for the various algebras in Table 6.1.
For the A, singularities obtained by collapsing n + 1 A-branes the only consistent junc-
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Table 6.1: The quadratic forms f(p, q) and rescaled mass per unit length squared P 2 (p, q)
for the Dn, n > 5 and E6 , E7 , E8 algebras.
tions fall into fundamentals, antifundamentals and singlets of An. We will not consider
this case any further. For Dn>5 and E6, E7, and E8 , f(p, q) is positive-definite instead
of negative-definite or vanishing. Arbitrarily large representations, having arbitrarily large
weight vectors, can then be associated to junctions satisfying (6.8) if sufficiently large (p, q)
values are chosen. As we will show, consistency with brane decoupling transitions actually
requires arbitrarily large representations. Brane decoupling has been considered in other
contexts in [31]. Also indicated in the table is p 2  p - q 12 , the rescaled mass per unit
length squared of a junction [34], evaluated for constant T values [7]. Even though arbitrar-
ily large representations appear, only a finite number of representations yield states with
mass-squared less than or equal to any fixed value.
As a 7-brane is moved to infinity, the only junctions that survive are those having zero
invariant charge associated to the brane; all others become infinitely massive and decouple.
Thus, as the brane is moved away, the invariant charges, the asymptotic charges (p, q), and
the self-intersection number of the surviving junctions do not change. Junctions satisfying
the self-intersection constraint before the removal of the brane continue to do so afterwards.
The decoupling of a single brane induces the removal of a simple root di with dual weight
W . The rank decreases by one, and one can define the u(1) generator H* oc Lz - H, where
H are the Cartan generators of the parent algebra. H* commutes with the full subalgebra,
and its eigenvalue on weight vectors is denoted by Q*. For example, for so(10) -+ so(8), the
brane a1 is decoupled, removing the simple root a'. Fixing the normalization, we act on a
weight vector A to find
H*(A) = 2 X= 2(A'd) - (a. ') = 2LAOai
= 2a, + 2a2+ 2a 3 + a4 + a 5 = 2Q +QB-C (6-9)
- 2Q1 -q,
where AZi is the inverse Cartan matrix of so(1O) and use was made of the relation between
Dynkin labels and invariant charges ([17], eqn. (6.27)). Thus an so(10) junction survives to
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Algebra f (p, q) P2 (p, q)
An - I P 2
Dn Igq2 (n - 4)
E 6  lP2 _p + q2  p 2 _ pq + q2
E7 1p 2 - 2pq + q2  p 2 ±q 2
E8 p 2 - 5pq +7q 2 p 2 - pq + q2
Transition Brane Root u(1) charge Q* Invariant charge on removed brane
so(10) -+ so(8) a, ai (2,2,2, 1, 1) 1 = (Q* + q)
E6 -+ so(10) C2 6 5  (2, 4, 6, 5, 4, 3) QC = (2p - 3q - Q*)
E 7 -±E6  a6  6 6 (2, 4, 6, 5, 4,3, 3) Q= 1(3q - p - Q*)
E7 -+ so(12) Ci GI (2, 3, 4, 3, 2, 1, 2) Qb Q* +p-2q
E + E7 a7  6 7  (2,4, 6, 5,4, 3, 2, 3) Q -= 3q - p - Q*
E8 -+so(14) C_ I 6_ d 1 (4, 7, 10,8,6,4, 2, 5) Q =Q*+2p-5q
Table 6.2: Various brane decoupling transitions, the brane and simple root removed, the
u(1) charge Q* and the invariant charge on the removed brane in terms of Q*, p and q.
so(8) if
Q1 = 1(Q*+q) =0 - Q* = -q. (6.10)
Since H* commutes with so(8), all states in a given so(8) representation have the same
value of Q*. Depending on the q value of the original so(10) representation, the so(8)
representation will either decouple or survive as a whole. The analysis of brane removal for
other symmetries follows along the above lines. The results are summarized in Table 6.2,
where we show the brane that decouples, the simple root that is removed, the coefficients
of the Dynkin labels in the expression for Q*, and the invariant charge on the brane to be
removed. Note that this charge is written entirely in terms of the charges (p, q) and Q*.
We now consider in further detail the case of so(10) -+ so(8). We will show that to get
the complete spectrum for so(8) with all possible (p, q) charges, we need arbitrarily large
representations in so(10). Indeed, consider the decompositions
10 - (8)O + 12 + 1-2,
16 -± (8c), + (8s)-i , (6.11)
167 - (8s), + (8c)_1,
where the subscript is Q*. Since by (6.10) only junctions with charge q = -Q* survive in
so(8), these so(10) representations only produce an 8v with q = 0 and 8S, 8c with q = ±1.
8's with larger q2 are embedded in other so(10) representations.
We now show that an 8 or 1 of so(8) with fixed (p, q) charges arises from a unique represen-
tation of so(10). Let R denote an so(10) representation that contains an 8v. This will be
the case if R contains the weight Xk = (k, 1, 0, 0, 0) for some integer k. It follows from (6.9)
that Xk has Q* = 2k + 2. Moreover, Ak Ak = k2 + 2k + 2, and since the (p, q) charges are
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Table 6.3: so(8) representations of various (p, q) charges embedded in so(10).
coprime (6.8) becomes
12= (JJ) _ 2 2 (2k + 2)2 . (6.12)
For Ak, as well as the rest of the states giving the 8, to survive decoupling we must have
q =-Q* = -(2k + 2). This fixes k in terms of q, and as a consequence Ak is also fixed.
Note that the 8, junctions saturate the self-intersection bound. Therefore, Xk must be one
of the longest weights in R; any longer weight would violate (6.12). There is a unique
representation which contains a given weight and none longer, and hence R is unique. Since
the longest weights in a representation occur with multiplicity one, the 8v occurs in R
only once. Analogous arguments apply for 8s, 8, and 1; they are also embedded uniquely
in so(10) representations. We indicate the so(10) representation that contains each so(8)
representation for given values of (p, q) in Table 6.3.
Thus we have shown that when an additional brane is brought in from infinity to an so(8)
configuration, the 8 and 1 representations of various q charges transform in arbitrarily large
representations of so(10); thus consistency requires all these states to be in the so(10) spec-
trum. Note however that there are junctions in so(10) representations which decouple com-
pletely for any values of q; these are the ones which do not include 8 or 1 representations
in their decomposition. For example, the 126 of so(10) has highest weight Ao = (0, 0, 0, 0, 2)
and decomposes as
126 + (56v)o + (35c)2 + (35s)-2. (6.13)
However, Ao - Ao = 5, and so by (6.12) q2 > 16; there is no acceptable value of q for which
q = -Q*. Such representations are permitted by self-intersection for appropriate values of q,
but consistency with so(8) makes no statement about their presence in the so(10) spectrum.
In Table 6.4 we show how so(8) representations with specific (p, q) charges are embedded in
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so(8) (p, q) Range of m so(10) highest weight
1 (2n, 2m) All m (Im1, 0, 0, 0, 0)
8v (2n + 1, 2mn) JIml > I (|ml - 1, 1, 0, 0, 0)
m = 0 (1,0 0,0, 0)
8s (2n, 2m + 1) m > 0 (m, 0,0, 0, 1)
M < -1 (jmI - 1, 0, 0, 1, 0)
8c (2n + 1, 2m + 1) m > 0 (m), 0, 0,1 0)
I ~ ~ I n -1 (J|m| - 1, 0,0, 0, 1)
Table 6.4: so(8) representations of given (p, q) charges embedded in successively larger
groups.
Table 6.5: Junctions with various (p, q) charges and
values of the quadratic form f(p, q) for E6 .
representations realizing the smallest
successively larger groups. Table 6.5 presents junctions with various (p, q) charges and rep-
resentations for the smallest possible values of the quadratic form f(p, q) for E6 . Conjugacy
requires that the 27 and 351 representations occur only for p =1 (mod 3), the 27 and 351
occur only for p = 2 (mod 3), and the 1, 78 and 650 occur for p = 0 (mod 3). The presence
of the representations marked with a dagger is not required by consistency with decoupling.
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(p, q) so(8) so(10) E6  E7 E8
(1,0) 8v 10 27 56 248
(0,1) 8s 16 78 912 147250
(1,1) 8c 16 27 133 3875
(2,0) 1 1 27 133 3875
(1,2) 8v 45 351 27664 6 899 079 264
f (p, q) Possible t(p, q) Representations
1/3 (1,0), (1,1), (2, 1) 27, 27
1 (0, 1), (3,2), (3, 1) 1t, 78
4/3 (2,0), (2,2), (4,2) 27, 27
7/3 (1, 2), (1, -1), (4, 3), (4,1), (5, 3), (5,2) 27t, 7ft, 351, 351
3 (3, 0), (3,3), (6, 3) it, 7 8 t, 650
Chapter 7
Conclusions
We have examined type IIB superstring compactified on a two-sphere in the background of
parallel 7-branes. We have shown that the open string geodesics which represent BPS states
in a given background arrangement of 7-branes may fail to be smooth as the background is
changed. The corresponding state then does not disappear from the spectrum, but instead it
is represented by a different object, a geodesic three-string junction or another open string.
This property guarantees that the number of BPS states that correspond to gauge vectors in
the limit of the enhanced symmetry is independent of the position in moduli space. It should
also be emphasized that these multipronged objects are in general necessary to describe the
BPS spectrum, and this phenomenon is relevant not only to exceptional gauge groups.
At a more conceptual level, our work suggests that in type IIB superstring theory, string
junctions are not only necessary ingredients for the description of the theory, but are, in
fact, on the same footing as the (P) strings, as there exist transitions between them. A
good understanding of the physics of the junctions may therefore guide the way to a proper
formulation of type IIB superstring theory.
We have considered configurations of 7-branes with D, and E, symmetry giving rise, on
a 3-brane probe, to four-dimensional K = 2 theories with global D, and E, symmetry
respectively. The theories with global exceptional symmetry, in particular, are only defined
for strong coupling; they are believed to be non-Lagrangian interacting fixed-point theories
and little is known about them.
We have shown that the self-intersection constraint selects the junctions giving the well-
known spectrum for the familiar M = 2 SU(2) SYM theories with N = 0, ... 4. This striking
result led us to investigate the D,> 5 and E, theories as well. This constraint allowed us to
derive some new facts about their BPS spectra. In fact, we suspect that the junctions allowed
by the self-intersection constraint are all BPS and all appear in the spectrum. More work
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will be necessary to be sure about this.
We have exhibited a major change in the nature of the BPS spectrum when we go from the
familiar theories to the case of D,;>5 and E, flavor symmetries. In the latter cases arbitrarily
large representations are required, while in the former only a few representations of the
flavor group appear. While for the familiar theories all BPS states arise from junctions of
self-intersection minus one or zero, in the less familiar theories all self-intersection numbers
are realized, and in general the junctions correspond to curves of higher genus. We have
also carried out a preliminary investigation of duality constraints on the BPS spectrum.
These constraints relate representations and their multiplicities for different values of the
asymptotic charges.
While we believe to have made some concrete progress in elucidating the BPS spectrum of
the mysterious theories, much remains to be investigated. The multiplicities of representa-
tions not constrained by decoupling are not known. The representations of supersymmetry
associated to general BPS states are also unknown. These are questions that are related to
the quantization of zero modes of general junctions. A rich spectrum of states is suggested
also in 6D theories. A complete description of the BPS spectrum of four-dimensional theories
with ADE flavor symmetries appears to be within reach.
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